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1. Introduction

A seminal paper in Arithmetic Geometry is L.J. Mordell’s [Mor22]“On the ratio-
nal solutions of the indeterminate equations of the third and fourth degrees”. In this
paper we can find two statements that have greatly influenced not only number the-
ory, but mathematics in general. First he proves that the group of rational points
E(Q) on any elliptic curve E is indeed finitely generated, a fact which was assumed
by Poincaré. Since the group structure on E(Q) is abelian, we can associate to it
a natural number, the rank of E(Q), which turns out to be in the center of many
of the unresolved problems in Arithmetic Geomery and to have generated a great
amount of work. One particular problem that has attracted much attention is the
question of how large the rank of E(Q) can be when we vary the elliptic curve E.
Currently, it is conjectured that the rank can be arbitrarily large. We will refer to
this as the rank conjecture.

The other statement contained in the aforementioned paper by Mordell is a ques-
tion that remained unsolved for 61 years, whose solution was worthy of a Fields
medal. The question, now known as Mordell’s conjecture, was whether curves of
genus ≥ 2 could have infinitely many rational points. Mordell believed that the an-
swer to this question was ‘no’, and in 1983 G. Faltings proved he was right. After
Falting’s solution, the focus of research turned to the question of how such a state-
ment could be generalized to varieties of higher dimension. Independently, Bombieri
(only for surfaces) and Lang proposed a generalization to Mordell’s conjecture that
has survived the test of time. Here is what they expect:

Conjecture 1 (Lang-Bombieri). If X is a variety of general type defined over a
number field K, then the set X(K) of K-rational points is not Zariski-dense.

In our thesis [Con08] we dealt with the analogous statements of these two con-
jectures over the function field Fq(t) instead of Q. The main result of [Con08] is
the following

Theorem 2. Suppose q ≡ 3 mod 4 or q ≡ 2 mod 3. Then there are quadratic and
cubic twists of supersingular elliptic curves defined over Fq(t) containing arbitrarily
many points with polynomial coordinates in different Frobenius orbits.

Its proof follows from the following facts:
• Let m ∈ {3, 4} and n be a fixed positive integer. For every odd divisor k of
n, the congruence qk+1 ≡ 0 mod m will allow us to construct a polynomial
map from the curve defined by D : vm = upk − u to a supersingular elliptic
curve E;
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• The large group of automorphism of C : s2 = tq
n−t will provide an “extra”

polynomial map from C to D;
• the composition of the two polynomial maps given above will yield an in-

tegral point on the quadratic (m = 2 case) or cubic (m = 3 case) twist of
E by tq

n − t.
Next we will discuss how this statement can be used to prove the rank conjecture

and disprove a generalization of the Lang-Bombieri over Fq(t).
The rank conjecture over the function field Fq(t) has been proved by different

people and in different situations, see [TS67], [Elk94], [Ulm02], [BDS04], [DS07],
[Ulm07], [Ber08]. Their proofs boil down to the fact that, for an elliptic curve E
defined over Fq(t), the rank of E(Fq(t)) can be related to the order of vanishing
of certain analytic functions: the ζ-function of a hyperelliptic curve, in the case
of constant elliptic curves [TS67], [Elk94], [BDS04], [DS07]; and the L-function of
E, in case E is non-constant [Ulm02], [Ulm07], [Ber08]. In any case, these proofs
are rather indirect and cannot be used to find a large set of linearly independent
points. The novelty of our approach lies in the fact that we construct isotrivial
supersingular elliptic curves with high rank by explicitly providing an arbitrarily
large set of points with polynomial coordinates that are later shown to be linearly
independent.

In [CHM97], L. Caporaso, J. Harris and B. Mazur show how the Lang-Bombieri
conjecture can be used to prove the following astounding result:

Theorem 3 (Uniformity Conjecture). Suppose the Lang-Bombieri conjecture is
true over a number field K. For any integer g ≥ 2, there exists a positive constant
B depending only on K and g, such that for every curve C/K of genus g, the
number of K-rational points satisfy |C(K)| ≤ B.

As pointed by D. Abramovich [Abr97] one should expect that an analogous result
holds, if rational points are replaced by integral points; and curves of genus g ≥ 2
are replaced by elliptic curves. Indeed, by assuming the “quasi-projective” version
of the Lang-Bombieri conjecture, the so called Lang-Vojta conjecture, he was able
to provide a proof that over Q the number of integral points on any semistable
elliptic curve E can be bounded independently of E. As a very special case of the
reasoning behind the proof of this statement, in [Con08] we are able to provide a
simple proof to the following theorem contained in [Abr97]

Theorem 4. Let y2 = x3+Ax+b be an elliptic curve where A and B are S-integers
in a global field K. Suppose the Lang-Vojta conjecture is true over K. Then for
any square-free S-integer t, the number of S-integral points in the quadratic twist
ty2 = x3 +Ax+B can be bounded independently of t.

Since over Fq(t) points with polynomials coordinates are the analogous objects
to integral points, what our Theorem 2 shows is that some care should be taken if
one wants to transport the Lang-Vojta conjecture to the function field case.

2. Current and Future Projects

In a talk given at the University of Texas at Austin in October 2008, D. Ulmer ex-
plained how one could use the approach provided by L. Berger [Ber08] to construct
a family of non-constant elliptic curves over Fq(t) with arbitrarily large high rank
and with an explicit set of linearly independent points generating a subgroup of



RESEARCH STATEMENT 3

finite index. Inspired by this talk, we recently managed to show that the examples
constructed in [Con08] can be seen in the general framework provided in [Ulm07].
Indeed, the curves (tq

n − t)y2 = x3 − x and y2 = x3 + tq
n+1 + 1 considered in

our dissertation satisfy what Ulmer calls Shioda’s 4-monomial condition, and we
were able to use this interpretation to provide a more natural proof to Lemma 2.3
in [Con08] – we show that the sections obtained in this lemma arise from “trivial”
curves on some Fermat surface. We believe that this interpretation of our results
can also be used to provide a hint on why one should not expect any polynomial
points on (tq

n − t)y2 = x3 − x, if q ≡ 1 mod 4, or (tq
n − t)y2 = x3 + 1, for q

arbitrary. We also believe that under this new light, it will be possible to show that
in the supersingular case the quadratic twist (tq+1 + 1)y2 = x3 + 1 has arbitrarily
many points with coordinates whose denominators are divided by a fixed set of
irreducible polynomials; in other words, this curve has a large number of S-integral
points defined over Fq(t).

On a different front, we are trying to find a way to adapt the approach explained
in [Ber08] to construct elliptic curves with many integral points.

One curious result that we managed to prove in [Con08] was

Theorem 5. Let E : y2 = f(x) be an elliptic curve defined over Fq. The quadratic
twist (tq

n − t)y2 = f(x) has an ∞-integral point (F (t), G(t)) defined over Fqn

satisfying F ′ 6= 0 and 2 degF ≤ qn − 1 if and only if q ≡ 3 mod 4 and E is
isomorphic over Fqn to ay2 = x3 − x, for some a ∈ Fqn .

The condition that the derivative F ′ is non-zero is an important one: there are
infinitely many integral points not satisfying it – so it is indeed necessary if one
expect an analogue of Siegel’s theorem to hold in positive characteristic. Recently
we realized that the condition on the degree of F is equivalent to saying that F
is a minimal value set polynomial over Fq, as described for instance in [CLMS61]
and [Mil64]. In our dissertation, we construct many integral points on the curve
(tq

n − t)y2 = x3 − x, when q ≡ 3 mod 4. Our proof of the above theorem is very
similar to the work of Mills [Mil64] and we believe that we may use some of his
ideas to prove that the points we have constructed are all the integral points on
this curve.

One of the reasons that we are able to construct many integral points on the
curve (tq

n − t)y2 = x3 − x is the fact that the hyperelliptic curve s2 = tq
n − t has

a large number of automorphism fixing the point at infinity. If A(t) is an additive
polynomial, then a similar fact is true for the curve C defined by s2 = A(t). If
someone is able to construct a polynomial map from C to an elliptic curve E,
we expect that a similar reasoning as the one carried in our dissertation may be
used to produce elliptic curves with many integral points. Our hope is that the
work of Garcia & Özbudak [GO07] on maximal plane curves defined by additive
polynomials will provide us some insight on where to look for such maps: maximal
curves are supersingular curves, and therefore they will have many morphisms to
a supersingular elliptic curve. One thing that we already know is that if E is not
isomorphic to y2 = x3 − x and such a map exists, then its degree has to be greater
than (degA(t) − 1)/2. As a future project, we intend to follow this direction to
either construct other examples of elliptic curves with many integral points, or to
prove that the existence of an integral point on the quadratic twist of an elliptic
curve E by an additive polynomial imposes strong restrictions on the isomorphism
class of E.
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In a different direction, Herivelto Borges and I have recently been interested in
finding good bounds for the number of rational points on curves over finite fields,
in the case of a plane singular curve in the Frobenius non-classical class - a case
where the results in the literature seems to be very scarce.
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