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Abstract

This paper examines the role of variance and entropy in ordering distributions and
random prospects. There is no universal relation between entropy and variance orderings
of distributions. But we place their relationship in the context of a stronger ordering
relation known as dispersion ordering. Further, some conditions are identified under
which variance and entropy order similarly when continuous variables are transformed.
We also analyze parametric changes which do not disturb the agreement between these
rankings. The results are conveniently tabulated in terms of distribution para-
meters. © 1999 Elsevier Science 5.A. All rights reserved.

JEL classification; C10; C11; C40

Keywords: Risk; Volatility; Entropy; Information theory; Ordering relations

1. Introduction

The principal activity in econometrics is assessing distribution functions and
random prospects based on partial information. Estimation, tests of hypotheses,
model selection, portfolio analysis, and inequality/poverty evaluation are but
a few examples. Partial rankings of distributions can be obtained by stochastic
dominance and similar order relations. The advantage of partial ranking is the
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avoidance of strong cardinalization as is necessary when a criterion such as
variance or entropy is used to rank distributions.

But variance and other indices continue to be popular because of simplicity
and the complete ordering. The historical development has resulted in variance
playing the central role in measuring dispersion, uncertainty, evaluating fit, and
much more. This has made variance the implicit ‘index’ of choice in assessing
and ranking random variables. But much axiomatic work points to other
indices, particularly entropy classes, as superior measures of information, see
Maasoumi (1993) for a survey. The simplicity of variance, however, remains
a major attraction.

The literature in economics, econometrics, and statistics records a major rise
in the use of information theory concepts and measures in the last decade or so.
The axiomatic appeal and the role played by entropy as a criterion function in
deriving optimal measures and most ‘data compatible’ maximum entropy (ME)
distributions, explain the recent abundance of entropy-based methods in econo-
metrics and other areas; see, e.g., Holm (1993), Maasoumi (1993), Ryu (1993),
Stutzer (1995), Golan et al. (1996), Fomby and Hill (1997), Soofi (1997), and
Zellner (1997), and references therein. Applications of ME procedures in
Bayesian econometrics are noteworthy. In the Bayesian method of moments
(BMOM) approach, for example, the ME is the vehicle for generating post-data
distributions for the structural parameters of econometric models and for predic-
tion. For applications of BMOM see Green and Strawderman (1995), Zellner
(1996a,b, 1997), Zellner and Sacks (1996), Zellner et al. (1997) and Tobias and
Zellner (1997).

Interest in relating entropy to variance dates back to Shannon (1948) who
proposed comparison of continuous random variables according to the entropy
power fraction defined as the variance of a Gaussian random variable with a given
entropy. Studying relationships between entropy and other moments has been
a matter of interest in various contexts. Wyner and Ziv (1969) provided a bound
on entropy in terms of a single moment of a continuous random variable. This
entropy-moment inequality, for which the variance is a special case, has played an
important role in the development of prediction theory (Shepp et al, 1979).
Maasoumi and Theil (1979) gave approximations for two entropy-based income
disparity measures in terms of the first four moments of the underlying income
distributions. Chandra and Singpurwalla (1981) discussed entropy ordering in the
context of some notions common between economics and reliability analysis.
Mukherjee and Ratnaparkhi (1986) presented some relationships between the
entropy and variance for a number of distributions, graphically.

Many of the well-known families of distributions have been characterized as
the unique maximum entropy solutions. No such characterization is available in
terms of variance. A maximum entropy density i8 spread out maximally by
construction with entropy measuring the spread. But by virtue of our basic
training, the spread of a distribution in terms of its variance is the more familiar
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concept. For example, Cressie (1993) begins with entropy as a measure of
disorder to motivate statistics for spatial data and refers to its apparent relation
with the variance as a more familiar measure to statisticians. There is no
universal relationship between entropy and variance orderings of distributions.
Some patterns can be established, however, for wide families of distributions.
One way of analyzing the relationship between these two concepts is to study
the effect of parameter variations in a family of densities.

There is not much work readily available -that explores the similarities and
dissimilarities of entropy with other measures in ordering distributions. Thus
further light may be shed on these measures when viewed as indices for ranking
random variables. In particular, we examine the relation between stronger
partial rank orders and the entropy/variance orders and present some results
that identify conditions for the equivalence of these orderings. We also analyze
the effect of certain transformations of continuous random variables on the
relation between entropy and variance. Finally, for well-known families of
distributions, parametric variations are studied for their impact on these pat-
terns of disagreement or agreement. The latter results are conveniently tabulated
in terms of distribution parameters.

The outline of this paper is as follows. In Section 2, we point out some
differences between entropy and variance, explore the difference in terms of an
approximation of the density, and define our basic notations. In Section 3, we
discuss the equivalence of entropy and variance orderings implied by a more
general partial order relation. Conditions for transformations of continuous
random variables that preserve the equivalence of variance and entropy
orderings are also presented. The section ends with some results on the
equivalence of entropy and variance orderings for well-known families of con-
tinuous distributions. This expands the entropy table of Verdugo Laze and
Rathie (1978). In Section 4, we examine the equivalence issue for some well-known
discrete families of distributions. Concluding remarks are given in Section 5.

2. Preliminaries

Entropy of a random variable X with a probability distribution P is defined by

H(X)=H[p(x)] = — J. log p(x)dP(x),

where p{x) = dP(x) is the probability density {mass) function for the absolutely
continuous (discrete) distribution P.

Entropy is a measure of disparity of the density p(x) from the uniform. It
measures uncertainty in the sense of the ‘utility’ of using p(x) in place of the
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ultimate uncertainty of the uniform distribution (Good, 1968). Variance
measures an average of distances of outcomes of the probability distribution
P(x) from the mean. Although both entropy and variance arec measures of
dispersion and uncertainty, the lack of a simple relationship between orderings
of a distribution by the two measures emanates from quite substantial and
subtle differences. Both measures reflect ‘concentration’ but their respective
metrics for concentration are different. Unlike variance which measures concen-
tration only around the mean, entropy measures diffuseness of the density
irrespective of the location(s) of concentration.

In terms of mathematical properties, entropy is non-negative in the discrete
case. For the discrete case, H(X) is invariant under one-to-one transformations
of X, but the variance is not. For the continuous case, neither the entropy nor
the variance is invariant under one-to-one transformations of X. The entropy of
a continuous random variable X takes values in [ — oo, + o], and
E(X)* < o implies H(X)} < oc, but the converse may not hold.

It can be shown that, given E| X[,

k. rk, 13
0 < iogZTURERE o

where | X] denotes the absolute value of X (Wyner and Ziv, 1969). The equality in
Eq. (1) is attained by the maximum entropy distribution with density

pi(x) = Clpe ™™,

where the model parameter # is obtained as the Lagrange multiplier for satisfy-
ing the constraint E{X|* < 6 and C() is the normalizing constant.
For the case of k = 2, relation (1) gives

2H(X)

2ne

S < Var(X). )

The ratio in Eq. (2) is the entropy power fraction proposed by Shannon (1948)
for comparison of continuous random variables, The equality in Eq. (2) holds if
and only if P(x) is normal.

2.1. A Legendre series expansion®
Approximating the density function through a Legendre series expansion

function provides significant insights about entropy and its relation to variance
and higher-order moments.

! This approach was generously suggested by a referee.
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A smooth and continuous density can be well approximated as
P(x) & agGo(x) + a1G((X) + - + anGux), 3
where G{x), i = 1,...,N are Legendre polynomials:

Gox) =1, Gy(x)=1x, Gyx)=053x*-1),....

Note that
+1
' 25;;
J. Gx)GAx)dx = CTRL

=1

where 6;; is the Kronecker’s delta, and xe [ — 1, + 1]. One might obtain a, and
a, to satisfy the normalization restriction and mean zero restriction.
Since

x* = $[2G,(x) + Go(x)].

variance is approximated by
V(x) = J-xzp(x)dx = ¥{#a; + 2a,).

This approximations reveals that variance increases if and only if a, increases.
Other q,, i 2 3, do not influence variance.

Now, employing Eq. (3), it can be verified that the derivative of H with respect
to a, is

OH
a—a— - '{.Gz(x) ].Og [aQGo(x) +a, Gl(x) + e+ aNGN(x)] dx.
2

Entropy increases with variance if this last expression is positive. That is, the
variation of entropy depends on many more parameters than just a,.

The Legendre series expansion reveals that entropy may be related to high-
order moments of a distribution, which unlike the variance, could offer a much
closer characterization of p(x). In general, only when p(x) is fully characterized
by the first two moments (like normal) or when a quadratic approximation is
satisfactory, then ordering distributions by variance alone is justifiable. Even in
such situations, however, there is no loss in ordering by entropy since the two
rankings would seem to agree in such cases.
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Despite of the lack of a universal relationship between entropy and variance
orderings, we can, nevertheless, identify conditions under which the two
measures agree, and establish patterns of agreement for many important classes
of distributions in Sections 3 and 4.

2.2. Notations

We use (2 to denote the class of probability distributions for which orderings
of variance and entropy are under consideration. We discuss the problem in
terms of two random variables X; with distribution P, eQ and X, with
distribution P,€{2. Variances and entropies of the two distributions will be
denoted by V,,V, and H,H,, respectively. The variance ordering V, < V,, will

be denoted as P, < Py,or X, < X 5. The entropy ordering H, < H,, will be

denoted as P, é P,orX, 2 X ;. When Q15 a class of distributions indexed by

a real parameter 6, then we write V' 8 (V' ~6) when variance is decreasing
(increasing) in 8 over the region R, in which V(X|0) < . We write
H~6(H ~8) when entropy is decreasing (increasing) in 6 whenever
H(X|f) < oo. When variance and entropy order similarly, we use notation

P2 Py, X, 2 X,, (V. H)nG, or (V, H) 76.

3. Continuous random variables

In this section first we discuss vaniance and entropy orderings implied by
a stronger order relation. Then we provide some results for a few transforma-
tions of random variables. Finally, we examine entropy and variance orderings
for many well-known parametric families. The entropies of most well-known
absolutely continuous distributions are tabulated in Verdugo Lazo and Rathie
(1978). We add a few more parametric families to their list. Three groups of
parametric families are discussed: Location-scale families; Shape-scale families;
and Student t, F, and Beta families.

3.1. Dispersion orderings
Two distribution functions P, and P, are said to have dispersion ordering
D P
(Bickel and Lehmann, 1976), denoted by P; < P, or X; < X, if and only if
PiYu)—P3;'w) = P{Yw)—Pyipy) forall0<v<u<l, (4)

where P; Y(u) = sup{x: P{x) € u}, i = 1, 2 define the quantiles.
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Dispersion ordering implies both variance ordering and entropy ordering;
D
(see Oja 1981). That is, P, < P, 1s a sufficient condition for P, 2, P,. This is

a strong stochastic order relation and can be a useful vehicle for determining
when variance, entropy and many other orderings concur. Direct verification of

dispersion ordering is difficult, but many results are available in the reliability
literature which can be utilized for this purpose.

Example 3.1. Consider three duration random variables X, X,, and X with
the following probability distribution functions:

Pix))=1-e"";
Pylxy) =1 —e™ %
Pyx)=1l—oe ™ —(1—a)e™ ™ 1l<a<?2

Comparison of the entropies and variances of the two exponential distri-
butions are straightforward. However, the entropy of mixture of exponentials is
not available in closed form. By Theorem (2.2b) of Shaked and Shanti-

D
kumar (1994) one can show that P, 2 P, and Py < P,. Thus, P, £<" P and
EV
Py < P,

The following theorem extends the impact of scale on entropy and vanance of
a random variable to more general transformations.

Theorem |. Let X be a random variable with an absolutely continuous distribu-
tion Py. Let Y = g(X) where g(x) is a function with a continuous derivative
g'(x) in the support of Py and E(Y*) < wo. If |g'(x)| = 1 for ail x in the support

EV
of Py, then X < Y.

Proof. From Eq. (4) we have P, 2 P, ifand onlyif P; *(z) — P; '(a) is nondec-

D
reasing in ae(0, 1). Letting o = Py(x) we obtain P, < P, if and only if

P37 Y(P,(x)) — x is nondecreasing in x.
() I g'(x) > 1, then g(x) is a strictly increasing function and we have

Py(y) = Prig(X) < y] = Pr[X <g7'0] = Px(g™'(»)) (5)
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and
Py {(Px(x)) = sup{y: Pr(y) < Px(x)}

= sup{y: Px(g™"(»)) < Px(x)}
= sup{y: g~ '(¥) € x}
= sup{y: y < g(x)}
= g(x).
Noting that g'(x) > 1 if and only if g(x) — x is nondecreasing, we have

D
Py Y(Px{x)) — x is nondecreasing in x and obtain P, < P, which gives the

result.

(i) I ¢g(x)< —1, then g(x) is a strictly decreasing function and

— Y = — g(X) is strictly increasing and Eq. (5) holds with Y and g replaced

by — Y and - g, respectively. Noting that ¢'(x}) € — 1ifand only if g(x) + x

is nonincreasing and that g(x) + x is nonincreasing if and only if — g(x) — x is
EV

nondecreasing. Thus from part (i) X < — Y. The result is obtained by the

fact that V( — ¥) = V(Y) and H(— Y) = H(Y). O

E
Note that the X < ¥ part may be directly seen via the following well-known
relationship:

d '%Y)H. ®)

H(Y)= H(X) — E[log Hg

However, no such a direct relationship is available for variance.

Theorem 2. Let X be a random variable with an absolutely continuous distribution
and with a moment generating functions Mx(t). Define Y; = exp(6;X), i=1, 2,

such that 8, > 8, > 0. Then Y, E<V Y, if the following two conditions hold:

(i) E(X) > log(6,/6,)/(62 — 8:);
(ii) B(Y 2} — E(Y ) = Mx(6;) — Mx(6,) > 0.

Proof. Use Eq. (6) with g~ Yy) = log(y))/8, to obtain H(Y;) = H(X) + 6,E(X) +

E
log8;, i =1, 2 Now for 8, < @,, assumption (i) implies ¥, < Y.
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Let A(f) = P7Y(Py(&) — & where P; is the probability distribution of
Yi,i=1, 2. A result from Oja (1981), (p. 158) implies that if there exists
a constant &, such that:

A(€) < E(Yy) - E(Y,) foré<{, (M
and

4(¢) 2 B(Yy) — E(Y,) for ¢ = &, (8)

then Y, < Y. Note that Py(y) = Px{log(y)/6,) implies that A4(§) = £%"% — & As
a function of £, A(£) is convex function, passes through the point (1, 0), 4(8) < 0
for £ (0, 1], and attains its minimum at a point in (0, 1]. Let § = E(Y,) — E(Y,).
Since ¢ >0, it is clear that for § > 0, Egs. (7) and (8) are satisfied with
Eo=4"1). O

At this point we remark that é > 01s also necessary for Y, 2 Y,. To see this,
note that for d € [min A(&), 0], the horizontal line h(£) = § intersects 4(&) at two
points, say &; and &, &; < &,. Inthiscase, A(&) < dforé, < &< Erand A(E) > 6
for 0 < & < & and for & > &,. Thus, Egs. (7) and (8) cannot be satisfied when
d <0

Corollary 1. Let X be a nonnegative random variable with an absolutely continu-
ous distribution and Y;= X% 8, > 8, > 0. If the assumptions (i) and (ii) of

EV
Theorem 2 hold for log X, then Y; < Y,.

Proof. Use y; = exp{6;logx}, i = 1,2 in Theorem 2. []
3.2, Location-scale family

A distribution is said to be in a location-scale family with location parameter
« and scale parameter f if its density is in the form of:

plxla, f) = %sp (" - “).

Table 1 shows several well-known location-scale families of distributions.
A random variable X with a distribution in a location-scale family may be
written as X = f#Z + «, where Z has a distribution free from « and 8. Thus, the
variance and entropy of all location-scale distributions are independent of the
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Table 1
Entropy and variance orderings for location-scale distributions

Family and density Variance Entropy Orderings

Gaussian (Normal)

P} = 1 R B log B + $log(2ne) (V.H)~8
2nB
Gumbel (Extreme value)
1 x=a n2p? logf+1+7y (V,H)»8
—_ x—a}/f—ex 3
P(x)—ﬂe[ { p( F )] 5 y=05772-..
Laplace (Double exponential)

.. 2p2 log B + log(2¢) V.
px)= ‘2—,86 le-alg {/ H)2p
Logistic '

p(x} = i(l + e-(x—ﬂl/ﬂ)-ze—(x—zl/ﬂ ﬂ ]ogﬁ +2 ¥, H))ﬂ
B 3
Uniform
18 i s log 8 V. H) 7B
p(xlu,ﬁ)—ﬁ,a—5<x<u+i— T ]

location parameter ¢ and can be written as
V(Xle, f) = f2V(2) and H(X|x f) = log§ + H(Z),

where V(Z) and H(Z) are constants independent of « and f. Thus, within each
location-scale family we have (V, H) » §.

Between the location-scale families the equivalence does not always hold. If
the scale is adjusted so that all variances are the same, then the Gaussian
distribution has the maximum entropy. Writing the entropy in terms of vari-
ance, we find that the following relationship for the orderings across the families
of distributions listed in Table 1 holds.

v v 4 v
Uniform < Gumbel < Laplace < Logistic << Gaussian

implies
E E E . . E .
Uniform < Gumbel < Laplace < Logistic < Gaussian.

In particular, this entropy ordering holds if variances of the distributions
listed in Table 1 are scaled to be the same. It is easy to see that the converse is
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not true. For example, Laplace -E< Gaussian when e/n < Vg/V < 1, where
Vg and Vi are variances of Gaussian and Laplace distributions, respectively.

From Table 1, we note that for the same scale f, the variances and the
entropies of the distributions shown in the table have the same ordering (normal
and uniform tie on variance). For a given scale parameter, the logistic distribu-
tion has the largest variance and entropy whereas the uniform has the smallest.

3.3. Shape-scale fomily

A shape-scale distribution with a shape parameter « and scale parameter £ is
defined by having a density of the form

plxle. f) = %p (%1 a).

Table 2 shows the shape-scale families of distributions, p(xje, ). The densities
are parameterized such that  is the shape parameter and f is the scale
parameter. The variance and entropy are monotone increasing in f, so (V,
H) 7 f. For most of these families, cither V(X|z, §)} or H(X|x, f} or both are
complicated functions of «. The variance and entropy of some distributions over
the parameter space may be ordered based on the algebra of the Gamma
function I'(z), Psi (digamma) function y(z) = dlog I'(z)/dz, and trigamma func-
tion ¥,(z) = di(z)/dz. But for some distributions, the algebra for establishing the
orderings is not tractable and the results of Section 3.1 prove to be useful.

The scaled (8 = 1) Gamma family has dispersion ordering with respect to a (see
Shaked, 1982). Thus the entropy and variance are ordered in «. Since the variance is
increasing in o, we conclude that the entropy is also increasing in o, so (V, H) 7a.

If X has a gamma distribution py{x|e, f), then ¥ = 1/X has an Inverse gamma
distribution py(yle, 1/8). It is clear that the variance of inverse gamma is
decreasing in « for & > 2. Now, using Eq. (6) one can easily show that if

Yi=1/X, i=12 then ¥, < Y, if and only if

H(X,) — HX,) = 2E[log(%)]. )

Two gamma distributions with parameter a, < «, satisfy Eq. (9) so entropy
of inverse gamma is decreasing in «. Thus, (V, H) N« for the inverse gamma
family.

From Theorem 2.6 of Shaked (1982), it can be shown that the generalized
normal distribution is dispersion ordered in «. Thus, for scaled (f = 1) generaliz-
ed normal family, (V, H) ~«.
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The orderings for the inverse generalized-normal are obtained similarly to the
inverse gamma. The orderings for the log-normal, Pareto, and triangular distri-
butions are straightforward. Note that for the triangular distribution, the
entropy is constant with respect to the shape parameter, but the variance
decreases in a for & < % and increases for > 1.

The orderings for the Weibull distribution are obtained by application
of Corollary 1. If X 1s an exponential random variable with f =1, then
Y = X'* has the Weibull distribution with shape parameter o. For
uy < oy, E(Y,) > E(Y,). Thus, Corollary 1 is applicable for 6, = 1/a; < §, =1/
t,. Since E[log(X)] = — y, where y = (.5772 --- is the Euler constant, condition
(i) of Theorem 2 constrains the parameters as y < a, < a;. This is in accord with
the sign change of the derivative of the Weibull entropy. We find that (V, H)na
for a > .

3.4. Student-t, F, and beta families

Table 3 shows the orderings for three other distributions. For the Srudent
t distribution, it is easy to see that V(X|z) is decreasing in . Entropy ordering is
obtained by using derivative dH(X|x)/de = H(X|a). Then H, < 0 is implied by
the fact W (2/2 + 1/2) < y{o/2) for all a.

The variance orderings of F distribution in terms of both parameters are clear.
The entropy ordering of F distribution in terms of § is obtained by taking the
derivative of H with respect to ff and using the first inequality in the following
result:

1 1
;<w1(2)<2—_'T fOI'Z>1,

Mitrinovic (1970), (p. 228). Entropy ordering of F with respect to a is also
obtained using the derivative with respect to . We see that (V, H) N for § > 4,
but VNafora> 2, and H ~a.

The most complicated case is the case of beta distribution. The variance and
entropy of the beta family of distributions, Beta(x, f), is shown in Fig. 1. The
variance and entropy of Beta(a, ) are symmetric functions of the parameters (x,
f). Note that the peak of the variance surface is near the origin of aff-plane. The
variance surface sharply descends to a plain with mild slopes. Whereas, the
entropy surface first ascends sharply, reaches to its peak at (&, §) = (1, 1), then
forms a plateau of mild descending slopes. Using the derivatives, we find: (V,
H) 7« for (a, fe R (V, H) B for (o, B)e Ry, (V, H)Na for (x, f)eS,, and (V,
H)N B for (z, f)eSs The regions R,. Ry, S,, and S, are defined in Table 3.
Fig. 2 shows R, and S, in 2f-plane. Note that R,(S,) is above (below) the
stationary points of the variance (entropy) with respect to «. The areas Ry and



N. Ebrahimi et al. | Journal of Econometrics 90 (1999) 317-336

330

@+ = — ) 4 PPN O
.ﬁa:x%ta R a*l
Jg+nth —(ra o
{avmma <)

N N S
?+5|:+§5+@,

J_,: - + wox1 4wy P iw

> oy .s* =

Mws oY “A)
xma o) (H *4)
"ga(g (i A)

“u3(g ©) 0 (H*A)

[ + 2 - @l — ) —

[(f + =4 — (@411 — 2) - [f ‘©)g]d0|

G

i)

A+ + 4 +72)
—

g o
1

[3x30° _x—1), X

= (f wlx)d

o<y ‘p<reng

r<g~(H'A) Z - — —
A v A- _ _v . d o w—z-Mi—d+om 2haml® + T/ T ol
vs H DN A {2/ ‘zrodm o v-oX izt
. e I Lt
_Huv An Nv ; (4 T—% v NZR U

*— g<e* A\ vl\lll = (olx)d

T<xN(H 'A) o u+~ » IEC B L I
(i T/, v R0l = 0 yone)
o =1 g Juapmg
s3uuepiQ Adonug AOUBLIEA Aysuap pue e

WONNQLISIP E13q PUE *f ‘7 yuspnis 1o 5Tulloplo saueLes pUE EE,EH

€ 2qeL




N. Ebrahimi et al. [ Journal of Econometrics 90 (1999) 317—-336

0216
0.144
0.072
";:" QAT
e, CEIAL TR
L T L B
0.000 N R

0.200 :

-0.033

-0.267

-0.500
4

Fig. 1. Vanance and entropy of beta family over the parameter space.

i
1

W
SR,
U




332 N. Ebrahimi et al. | Journal of Econometrics 90 (1999) 317-336

4 ras pmt
3
8 =5 b
2 . L
F M T T
1 = ]
ay
'ft‘
0 +
0 1 2 3 4
a

R., show the upper dasbed curve, Vria, Hra.
R, balow the lowsr dashed corve, Vg, Heg.
S.. balow the upper salid curve, V.a, Hia.
S,. ahowe tha lower solid corve, V.5, Hif

3

. Intersection of S¢ and 5., Viak §, Ha &g
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Sg are defined similarly. The central sections of the plain of the variance surface
and plateau of entropy surface are over the region S,5 = §,nS;.

4. Discrete parametric families

In this section we examine entropy and variance orderings for the binomial,
geometric, Poisson, and discrete uniform distributions. The results are sum-
marized in Table 4.

Variance ordering for these distributions is straightforward. The entropy
orderings for the geometric and uniform distributions are also straightforward.

The binomial entropy, H{X|p), does not have a closed form. It is easy to see
that H(X|p) = H(X|1 — p). Since H(X|p) is symmetric around p==1 and is
concave in p Marshall and Olkin, 1979, (p. 406), H(X|p) is maximum at p = I; see
Witsenhausen {1980). Thus, we conclude that H ~ p when p < 4, and H “p when
P>z

The entropy of the Poisson distribution, H(X|1) does not have a closed form
and is a complicated function of the parameter A. The entropy ordering of the
Poisson distribution is obtained using the following result.

Lemma. If X is a Poisson random varigble with E(X) =41, then
E[log(X + 1] > logA.
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Table 4
Entropy and variance orderings for discrete distributions

Family and probability function =~ Variance Entropy Orderings
Binomial
s = ("t — g np(l—p)  —nplogp— n(l —pllogll ~p) (V. H)»p<}
Xlmp) = XP( Prs —loglin + 1)
x=0,1..,n + 3 r-ollogl(k + 1) + logl" (V,H)»p>13
. (n—k + 1)Jp(k)
Geometric
plxlp)=p{1 — pF, x =0, 1,... l-p (1 — pllog(1 — p) (V. i)~p
3 —logp —————
Poisson P P
“‘A’ A A—Alogd + ¥ B Vv, Hy74
Pl =—— x=0,1,. log Ik + 1)p(k)
Uniform
1 | |
pxin) = - x=1,2,...,n " oan (V. #)7n
n 12

Proof. The consecutive Poisson probabilities, py{x)=P(X =x) and
px(x + 1) = P(X = x + 1) are related as follows:

(x + Dpx(x + 1) = Apxdx).

Using this fact we have

:Z:O px(x)log(x + 1) = log 4 + XZ px(x)log——— :X( +)1)

Next, we show that the summation in the right-hand side is positive by consider-
ing the Kullback—Leibler function K{(px:qx), where gy is the zero truncated
Poisson distribution with parameter 4,

1 e %4
1—e* x!

L] x=1923"' .

gx(x) =

Noting that gx(k) = (1 — e N lpy(x + DNfork=x+1,x=0,1,2,..., we have

Kipxax) = logll =¢™) + 3 piolog Pz 0
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Thus,

io Px(x)log% 2 —log(l —e %> 0. O

Now, we show that the Poisson entropy H(X)|4) is increasing in A. After some
simplifications we obtain

dH(X)) 4 e~
T = logl + xgo log(x -+ 1) o~

= —logd + E[log(X + 1)] > 0.

Thus, for the Poisson family we have (V, H) 7~ 4.

5. Concluding remarks

Entropy and variance have been used to represent uncertainty, volatility and
dispersion. We have identified patterns of agreement in orderings by variance
and entropy, and situations in which they do not agree. General considerations
suggest and specific approximation results given here show that entropy de-
pends on much more information about a random variable than its variance.

Certain partial ranking relations, such as ‘dispersion ordering’ are stronger
than either of entropy or variance orderings. Indeed, we show that the latter are
implied by such general partial order. When this occurrence can be established
exactly or by testing, ordering by variance and entropy will concur. We present-
ed a few results that identified conditions under which variance and entropy
order similarly. We then examined the impact of parametric changes on the
entropy and variance of well known families of distributions and observed that
agreement between these rankings is more frequent than disagreement.

Some limitations, however, should be noted. Our results pertain only to
transformations of a random variable and to the known families of distributions,
It seems that without imposing very stringent conditions on the density, specify-
ing a very general condition for the equivalence of entropy and variance
orderings is a formidable task.

We have only examined entropy and variance orderings of the parametric
families of distributions with respect to variation of a single parameter. Examin-
ing entropy and variance orderings of distributions with respect to the variation
of a vector of parameters is a subject of future study.

Finally, we have considered only the univariate case. It should be noted that
entropy is a ‘dimensionless’ scalar measure of a distribution. This makes
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rankings in multivariable cases a natural extension. The same cannot be said of
‘variance’ and other moments which would have to be defined in terms of
arbitrary scalar functions, such as the determinant or the trace of a covariance
matrix. In the case of multivariate normal distribution, entropy ranks according
to the determinant of the variance—covariance matrix. Extension to the multi-
variate case is an interesting and challenging research topic. Valuable references
inciude the paper Atkinson and Bourguignon (1982) which compares multi-
dimensional distributions according to the first- and second-order dominance
relations and the paper by Ahmad and Gokhale (1989) which provides entropy
expressions for several multivariate distributions.
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