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Abstract

Entropy and Variance are “indices” that have been used to measure dispersion,
volatility, risk, uncertainty, and information. Variance has been prominent but the use
of entropy is growing rapidly. This paper examines the use of variance and entropy
for measuring informativeness of data in the Bayesian setting. Our main findings may
be summarized as follows. For binary data, when the prior is uniform, all data are
“informative”. But we find that with other conjugate priors, such as Jeffreys’ prior,
“surprises” are possible since the posterior entropy may be increased while variance
is always reduced. With Zellner’s Maximal Data Information Prior (Zellner 1971),
however, all binary sample are also informative. In our second case of exponential
data, variance and entropy may differ in their verdict for finite sample sizes. For
large samples, however, both will agree that the data are informative. In our last
case of Gaussian data and conjugate priors, when the variance is known, the data are
informative on the mean, variance and entropy agree on their verdicts. But when the
mean is known, variance and entropy may not agree on the informativeness of the data

on the unknown variance is finite samples. Predictably, they do agree in large samples.
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1 Introduction

Measuring informativeness of data/news is particularly important as it quantifies the
amount of “learning”. This is central to scientific progress as well as to assessing the di-
rection and value of “information” and technologies. As is the case with all “indices”, the
desirability of any measure of information depends on at least two considerations: First is
the inference/investigative technique that would utilize the information. The second is the
distributional characteristics of the information which is to be summarized. As examples,
least squares techniques are, by design, incapable of utilizing any information other than the
“variation” in a distribution/data. And, the Gaussian distributions/data are entirely char-
acterized by the first two moments; any index will thus be a function of the same moments.
These two considerations need to be borne in mind when contrasting entropy and variance
as indices of informativeness or> uncertainty.

Bayesian learning and updating is one of the most elegant and prevalent of the for-
malisms in all of science. It provides for a particularly efficient means of assessing the value
of new information. It is in this context that we measure informativeness. A Bayesian
analysis includes a likelihood function, f(x|) and a prior distribution P(#) which maps the
analyst’s uncertainty about the parameter 8. The prior is updated by the observed data
r =(z,,-++,Z,) into a posterior distribution P(4|z). The comparison of uncertainty before
and after observing the data is of interest.

We are concerned with the problem of evaluating the informativeness of a given data
set. Our results pertain to the post data stage; Abel and Singpurwalla (1994) provide
an interesting example of the problem in a reliability analysis context. The problem of
measuring the informativeness of a given data set at the post data stage is different than
the more extensively analyzed pre-observation, or the design stage in which the “expected
information™ relative to the variable space is measured. It is well-known that, on average,
samples are informative according to both variance and entropy (see, e.g., Lindley 1956).
However, this may not be the case fér some data configurations and prior distributions.

The outline of this paper is as follows. In section 2, we provide an overview of some

information functions for quantifying the information content of a given data and the ex-



pected information in the data. Section 3 discusses the informativeness of binary data under
two types of non-informative priors for the Bernoulli parameter. Section 4 discusses the
informativeness of exponential data under the conjugate prior. Section 5 discusses the infor-
_ mativeness of Gaussian data under the conjugate priors for the mean and variance. Section

6 concludes.

2 The role of information theory

The literature in economics, econometrics, and statistics has witnessed a great rise in the
use of information theory concepts and measures in the last decade or so. The axiomatic
appeal and the role played by entropy as a criterion function in deriving optimal measures
and Maximum Entropy (ME) distributions, explain the recent abundance of entropy-based
methods in econometrics and other areas; see, e.g., Soofi (1990, 1994, 1997), Zellner (1988,
1991, 1996a, 1996b, 1997), Maasoumi (1993, 1997), Ryu (1993), Golan, Judge, and Miller
(1996), Fomby and Hill (1997), and references therein. Holm (1993) has recently developed
ME Lorenz curves. Stutzer (1995, 1996) has introduced information theoretic financial in-
dices, In the Bayesian Method of Moments (BMOM) approach, for example, the ME is
the vehicle for generating post-data distributions for the structural parameters of economet-
ric models and for prediction; see Zellner (1994, 1996a-b, 1997), Zellner and Sacks (1996),
Zellner, Tobias, and Ryu (1997), Tobias and Zellner (1997).

Entropy of a parameter # with an absolutely continuous prior probability distribution

P(8) over the parameter space © is defined by
H(©) = H[p(0)] = - [ p(0)log p(0)d(0), e

where p(#) is the probability density function of P.

The entropy measures the “uniformity” of a distribution. H(O) increases as p(8) ap-
proaches a uniform distribution. Consequently, the concentration of probabilities decreases
and it becomes more difficult to predict 8. In this sense H(O) is a measure of uncertainty
associated with p(#). The negative entropy —H(O) is used as a measure of information

(Zellner 1971); see Soofi and Gokhale (1997) for a justification.



A conditional entropy is obtained by using a conditional density in (1). The posterior
entropy is given by the conditional entropy H(©|x) = H[p(f|x)] and the entropy of the
sampling distribution is H(X) = H[f(z|6)].

A conditioning may increase or decrease the entropy. The expected conditional entropy
with respect to the sampling distribution is Eq[H(©[2)] £ H(O); the equality holds if and
only if ©® and X are stochastically independent. That is, on average, conditioning decreases
the entropy as is the case for variance.

In Bayesian statistics, the information about a parameter is quantified by a discrepancy
measure between the posterior and prior distributions; see, e.g., Lindley (1956), Goel and De-
Groot (1979), Zellner (1971, 1984), and Goel (1983). We measure the information provided
by the actual data = about a parameter § € © by the entropy difference

9(O|z) = H(O) — H(O|z).

The informativeness of the data is indicated by the sign of 9(©|2). When #(@|z) > 0, the
uncertainty is reduced by the data and the sample is said to be informative; otherwise the
data is said to have produced a “surprise” (Lindley 1956).

Following Lindley (1956), the information function that has been widely used for com-
parison of experiments at the planning stage for the purpose of data collection is the mutual

information defined as:
HOAX) = Ez[d0Oz))
= H(O) - Egx[H(O|z)]

See Soofi (1997) for details and applications.

The mutual information may be written in terms of the following Kullback-Leibler dis-

crimination information functions:
HOAX) = K[f(z,0): f(z)p(F)]

= / /fa:ﬂ)log f("; f))dad

= Ez{K[p(8]=): p(6)]}

The mutual information #(©A X) provides a measure of expected information discrepancy

between the posterior and prior distributions, which is the expected information in yet
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unobserved data X about the parameter. Note that 9(© A X) > 0, with equality if and only
if f(6,2) = p(#)f(=). Accordingly, #(© A X) is also a measure of stochastic dependency
between the two variables.

In the traditional statistics, the variance is used for measuring uncertainty. The widespread
use of variance for measuring uncertainty is rooted in statistical estimation (Fisher 1921).

In statistical estimation, Fisher’s information is defined as

F(0)y=F[f(z|0)] = —Ezp [63—;2logf(x|0)] .

F(6) is 2 measure of information in X, i.e., in f(z|f) about the parameter 8, in the sense
*hat F(6) quantifies “the ease with which a parameter can be estimated” by z (Lehmann
1983, p. 120). Inherent in this interpretation are the facts that: (a) X is an unbiased and
efficient estimator of 8, so V(X|0) = [F(6)]"?, and (b) under f(z|?), the probabilities are
concentrated around the mean value 6.

From the information-theoretic viewpoint, the Fisher information F is a second order
approximation to the discrimination information function K[f(z|0) : f(x|0 + A8)] where 8
and 6 + Af are two neighboring points in the parameter space and the two distributions fs
and f(z)0), f(z|8 + Af) are two densities in the same parametric family (Kullback 1959).
Lindley (1961) showed that ignorance between two neighboring values @ and Af in the
parameter space implies that ¥(© A X)) ~ 2(A0)*F(9).

Ebrahimi, Maasoumi, and Soofi (1998) explore the relationship in terms of an approxi-
mation of the density, and discuss the equivalence of entropy and variance orderings implied
by a more general partial order relation between random variables. They also identify a few
transformations of continuous random variables that preserve the equivalence of variance
and entropy orderings, and offer some results on the equivalence of entropy and variance
orderings for well-known families of continuous and discrete distributions.

Zellner (1971) defined an information function for quantifying the information in the data

z about a parameter @ with the prior p(8), which may be written as:

G[p(9)]

Es{H[p(0)] — H[f(=|0)]} (2)
= E{K[f(z|8) : p(9)]}
= (O AX)+H(O) - H(X).
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Zellner proposed G[p(#)| as a criterion function for developing prior distributions that
are maximally committed to the data. The prior p*(#) that maximizes G[p(0)] is referred
to as the Mazimal Data Information Prior (MDIP). The first equation in (2) is the a prior:
expected information in the data-generating density (likelihood function) which is “purified”
from the information in the prior. The second equation in (2) shows that G[p(f)] is the a
priori expected information for discrimination between the data-generating distribution and
the prior. The MDIP gives explicit solutions in many problems and is capable of including
side information in terms of moment constraints on p(8); see Zellner (1991) for details.

We use the following notations in the sequel. Let F} and F, be two distributions wjth
éntropies H,, H; and variances Vy, V,. Then, the Variance Ordering V| < V, will be denoted
by P 2 P, and the Entropy Ordering Hy < H, will be denoted as P, g P,. When variance

ey .. ) EV
and entropy order the two distributions similarly, we write Py < Pj.

3 Informativeness of Binary Data

The likelihood function for the Bernoulli parameter based on the binary data, z;,---, z,,
is
p(ylo)=6*(1L—0)""%, y=3 =z, =z=0,1, 0<6<L (3)
t=1

We wish to evaluate the informativeness of the data about the parameter 8. We consider

two classes of prior distributions for 8.

3.1 Conjugate Priors

The conjugate family of priors for the likelihood function (3) is P(#) = Beta(a,b). The
posterior distribution is P(8|n,y) = Beta(y + a, n — y + b). Two important examples
of conjugate priors are the uniform prior P(#) = Beta(l,1) and Jeffreys’ invariant prior
P(8) = Beta(.5,.5). '

Under the uniform prior, the posterior distribution is P(@|n,y) = Beta(y+1, n—y+1).
It 1s well known that among all distributions with a given support, the uniform distribution

has the maximum entropy. Thus under the uniform prior, any sample is informative due to



reductions in posterior entropy and variance.

Under Jeffreys’ prior, the posterior distribution is P(f|n,y) = Beta(y + .5, n — y + .5).
In this case, however, not all samples are informative about  if uncertainty is measured by
entropy.

Lindley (1957) showed that for the Beta family Beta(a, ), when a and § are large,
entropy and Fisher information (variance) behave similarly. Ebrahimi, Maasoumi, and Soofi
(1998) showed that P, l::<v P; holds for @) < a3 and B < 3; when (a,5) € 5, N S, each

region defined as follows:

Su = {(é,ﬁ);a>1 (ﬂ—-1)¢a(a+/3)}

* da(a) = Ya(a+ B)

Sy = {_(a,,@):ﬁ>1 (0—1)¢’ﬂ(a+ﬁ)},

~ %s(B) — ypla + B)

where %,(z) is the derivative of the digamma function ¢(z).

When n and y are large, (4) holds. In some small samples, however, variance and entropy
may give opposite assessments of informativeness of data under the Jeffreys’ prior.

Table 1 shows H(8) — H(f|n,y) and V(8) — V(f|n,y) for n < 5. We note that V(#) —
V(6|n,y) > 0 for all y, an indication of monotone decrease in spread of the posterior distri-

bution around the mean. But for n < 4, P(6) < P(#|n,y) holds only when y is near 0 or

Table 1. Posterior Entropy and Variance of Binomial Experiments

Based on Jeffreys’ Prior, and y Successes in n Trials.

H(8) — H(f|n,y) V(4 - V{lln,y)
n n
y| 1 2 3 4 5 1 2 3 4 5
0/0.306 0.708 1.004 1.234 1.423|0.062 0.090 0.103 0.110 0.114
1]0.306 —-0.194 —-0.053 0.114 0.267 | 0.062 0.062 0.078 0.090 0.098
2 0.708 —0.053 —0.042 0.048 0.090 0.078 0.083 0.090
3 1.004  0.114 0.048 0.103 0.090 0.090
4 1.234 0.267 0.110 0.098
5 1.423 | 0.114




near n. For y = nf2, n=2,4and fory =1,2,n =3, H(8) — H(0|n,y) < 0. Thus under the
conjugate family of priors, binary data can produce a “surprise” according to entropy, but

not according to variance.

3.2 Maximal Data Information Prior (MDIP)

The MDIP for the Bernoulli parameter is
P (8 =Cof(1-0)% o0<o<1. (5)

where the normalizing constant Co &~ 1.6185 found by a numerical evaluation; see Zellner
(1984).

The density (5) is symmetric around & = 0.5 which is the minimum. Moreover, p(0.5) =
0.5Co, and limg_o p*(8) = limg— p*(8) = Co. Thus, the MDIP gives twice as much probabil-
ities to the values of # near each end point, zero and one, as to the central values. However,
the MDIP is not as extreme as the Jeffreys’ prior in assigning high probabilities to the end

values.

The least informative data configuration is whenn =2k and y =k, ¥k =0,1,2,---. In

this case, the posterior density is
p(Bln = 2k,y = k) = Cp8*+%(1 — g)k+1-¢ (6)
where C; must be found numerically by evaluating
ot = j Lgreo (1 — g)eri-t g,
0 .

Note that C;', k=0,1,2,--- is a decreasing sequence, so Ci, k = 0,1,2,-- is an increasing
sequence. For k > 0, limg_o p(0n = 2k, y = k) = limg—1 p(Q|n = 2k,y = k) = 0.
Entropy of (6) is given by

H(O|n = 2k,y = k) = —(logCi + 2C:Dy),

where

1
Dy = jo (K + 0)log(0)8*+2(1 — 9)*+1¢4p.



Although, Dy, k = 0,1,2,--- is a decreasing sequence, it can be shown that the product
CeDy, k=0,1,2,-- is an increasing sequence. Hence, H(8|n = 2k,y = k), k =0,1,2,---
is a decreasing sequence.

The density (6) is symmetric around § = 0.5. Variance is given by

V(6jn = 2k,y = k) = C fol gEro+2(1 — g)kti-8gp _ :11-.
It can be shown that V(ln=2ky=k), k=0,1,2,--- is also a decreasing sequence.
Figure 1 shows Jeffreys’ prior Beta(.5,.5) (dash-2 points), Zellner’s MDIP (dash-1 point),
and the associated posterior densities for n = 2k, k = 1,2,3. The solid curves are the
posteriors based on the MDIP. All three have less entropy and variance as compared with
the prior. The two dashed curves and the dash-3 dots curve are the Beta posteriors based
on Jeffreys’ prior. The first two have larger entropies and the third one has smaller entropy
than Beta(.5,.5). Since under Beta(.5,.5) the probability is heavily concentrated at the
tails of the distribution, the prior has a larger variance than all posteriors. For n = 2,4, the
probability is less concentrated under the posteriors than the prior.
We conclude that under Zellner’s MDIP (5), all binary samples are informative whether

measure uncertainty by entropy or by variance; i.e., under the MDIP, no sample may produce

a “surprise”.

4 Informativeness of Exponential Data

For exponentially distributed occurrence times with rate 4, the conjugate prior is Gamma,
P(#) = G(a,B). Note that § is the precision parameter of the exponential distribution,
whereas 3 is the scale parameter of the Gamma prior for #. The posterior distribution is
P(8|z) = Glrn + o, 3(1 + BT,)""], where T,, = ¥, z;. That is, the sample increases the shape
parameter and decreases the scale parameter of the prior gamma distribution.

In order to determine the informativeness of the sample, we note that P(8|x) < P(9) if

and only if
log(1 + BT,) 2 (1/2)log(1 + n/a), (7)



and that P(f]) € P(0) if and only if
log(1 + B8Ty) 2 log[T'(a + n)/T(a)] + (1 - a)[¥(a + n) — ¥(a)] — n¥(a+n) +n.  (8)

Thus, P(flz) ‘< P(8) does not always hold. However, we can establish P(8]z) % P(8) for

large samples. Using the asymptotic approximations,
log[T'(z)] = 1/2log(27) — 2 + (2 — 1/2)l0g(2) (9)

and
¥(2) = log(z) — 12271, _ (10)

the condition (8) reduces to
log(1+ AT,) > (1/2)log(1 +n/a) + (1 — a)/(2a) = (@ — 1/2)loga + o(n). (1)

As noe, Tu/n = 077, and Ey(0~') = (a — 1)B~', where the expectation is taken with
respect to the prior distribution P(#). We find that for large n and a > 1, log(1 + 8T,) =
log[l + (o — 1)n]. Thus, averaged over the parameter space, the conditions (7) and (11) are
asymptotically satisfied.

We remark that the notion of average entropy has been used before. The prior and
posterior information in the density p(z|d) are defined by the prior and posterior average
(negative) entropies —Ep(g)[H(X|0)] and —Epg))[H(X|0)]; see Zellner (1971, 1991) and
Zellner (1988, 1991). The notion of average entropy is also used in the entropy estimation
context by Gill and Joanes (1979), Mazzuchi, Soofi, and Soyer (1997), and in the information
theory literature by Campbell (995).

5 Informativeness of Gaussian Data

For samples from the Gaussian distribution, f(z|0,o?) with known o2, the conjugate
family of priors for 8 is P() = N(e, 8%). The posterior distribution is P(6|¢) = N[(c%a +
TaB%)/(a® + nB3?), B%0*/(c? + nB?)]. Clearly, V(8) > V(8|z) and H(#) > H(f|z) for all
samples . Thus all samples are informative about the normal mean according to both

variance and entropy. This seems to be more of an exception than a rule.
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For f(z|u,8) = N(u,0) with known y, the conjugate family is the Inverse Gamma, P(4) =
1G(, 3) and the posterior is P(8]z) = IG(a + n/2,8 + Q,), where @, = 1/25(z; — p)?.
In this case, we also note that P(8|z) < P(9), if and only if

log(1 + Qn/B) < log[(a+n/2 - 1)/(a = 1)] 4+ 1/2log[(a + n/2 - 2)/(a - 2)],  (12)
and P(8]z) £ P(8), if and only if
log(1+@Qn/B) < log[l'(a)/T(a+n/2)]+(a+1)[#(a+n/2)~¢(a)]+(n/2)[¥(a+n/2)-1]. (13)

Here, we also note that P(8|z) Z P(8) does not always hold.

. For large n, the condition (12) reduces to
log(1 + @n/B) < (3/2)log(e + n/2) — [logla — 1) + 1/2 log(a — 2)]. (14)
Using the asymptotic approximations (9) and (10), the condition (13) reduces to
log(1 + @./8) < (3/2)log{a + n/2) + log[[(a)/V27] — (a + 1)¢(a) + & — 1/2 + o(n). (15)

Asn_yoe, @n/n — 8, and Ey(8) = (a—1)3, where the expectation is taken with respect to the
prior distribution P(#). We find that for large n and a > 1, log(14+Q,/8) — log[l+(a—1)n].
Thus, averaged over the parameter space, the conditions (14) and (15) are asymptotically

satisfied.

6 Conclusions

An important example was given of Bayesian prior distributions specifying situations in
which variance and entropy may or may not agree. For binary data, under a conjugate prior,
the posterior entropy may increase or decrease as compared with the prior entropy, but
the posterior variance always decreases. With Zellner’s Maximal Data Information Prior
(MDIP), both the posterior entropy and variance decrease for all binary data. Entropy
analysis shows that while the MDIP shares a feature of Jeffreys’ prior which assigns relatively
higher probabilities to the end points than to the middle, it is not as extreme as Jeffreys’
prior under which some samples ought to be evaluated as reducing information about the

Bernoulli parameter!
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Entropy and variance may also give opposite assessment of informativeness of exponential
data. For the Gaussian case with a known scale parameter, under the conjugate prior for the
mean, the entropy and variance concur that every data set is informative about the mean.
But for the case of unknown scale and unknown mean, the two measures may give opposite

assessment,
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Figure 1. Jeffreys’ and Zellner’s Priors for the Bernoulli Parameter

and Corresponding Posterior Distributions for n = 2k, k = 1,2,3.

| :
3 7 Jeffreys' prior l
!l/ l
‘ Zellner's prior I
> 2
=
4]
c
O
0 y -
0 —

0.0 0.5 1.0

e Dash-dot curve is the Jeffreys’ invariant prior Beta(.5,.5) for the Bernoulli parameter 6.

~ Dot curves are .Beta(1.5, 1.5) and Beta(2.5,2.5) posterior densities forn =2k, y =k =
1,2, which have higher entropies and lower variances than the Jeffreys’ prior.

~ Dash curve is Beta(3.5,3.5) posterior density for n = 6, y = 3, which has a lower
entropy and a lower variance than the Jeffreys’ prior.

® Dash-2 dots curve is the Maximal Data Information Prior for the Bernoulli parameter 8.

-- Solid curves are posterior densities for n = 2k, y = k = 1,2,3, which have lower

entropies and lower variances than the Maximal Data Info Prior.
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