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CONTINUOUSLY DISTRIBUTED ATTRIBUTES AND
MEASURES OF MULTIVARIATE INEQUALITY*

Esfandiar MAASOUMI
Southern Methodist University, Dallas, TX 75275, USA

Taking certain aggregates of several continuously distributed welfare attributes as either the actual
utility or the ‘observer’s’ evaluation of individual welfare, Theil’s information measures of
inequality in the aggregates are derived and analyzed. The important special case where the joint
distribution is the multivariate log-normal is developed as a point of departure, When this joint
distribution is not the log-normal, simple approximate formulae for Theil’s indices are derived
which are readily estimable. An attribute’s incremental contribution to multidimensional inequal-
ity is derived and analysed.

1. Introduction

In recent contributions the value and the necessity of a multi-dimensional
approach to the analysis of welfare and inequality has been argued and
assessed by Kolm (1977), Atkinson and Bourguignon (1982), and Maasoumi
(1986). In the latter, a number of indices were proposed for the actual
measurement of multivariate inequality. When individual utility or welfare is a
function of several arguments, the approach suggested in Maasoumi (1986) is
to find an aggregate attribute for each individual with a distribution which is
in some sense ‘closest’ to the distributions of all the relevant arguments. Some
generalized information criteria of ‘divergence’ between distributions were
employed to assess ‘closeness’. Multidimensional inequality was then defined
as the inequality in the distribution of the aggregate attribute. The ‘ideal’
functionals for such aggregates turn out to have the same form as many of the
traditional utility functions such as the CES, Cobb-Douglas, etc. Indeed, an
alternative interpretation of this approach is that individuals are represented
(and ordered) according to their utility functions, and any measure of inequal-
ity is equivalent to the specification of a particular Social Welfare Function
(SWF) with these utilities as its arguments, see Atkinson (1970) and Kolm
a977).

This paper has several purposes. Following the approach outlined above, we
derive and analyse two central inequality measures proposed by Theil (1967)
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when several attributes are continuously distributed. The special case of a
multivariate log-normal distribution is first developed when the attribute
aggregator (utility) functions are of the Cobb-Douglas form. This special case
is useful in two respects. In the first instance it helps to explicate the important
role of the variances and covariances amongst the attributes in determining
multivariate inequality. Some conditions of second-order stochastic dominance
derived in Atkinson and Bourguignon (1982) are clearly brought out by this
central case. Secondly, since many attributes’ distributions are generally dif-
ferent from the log-normal, we derive approximate formulae for the inequality
indices when the exact distribution is unknown. It is seen that the role played
here by the log-normal distribution is similar to that played by the normal
distribution in the development of approximate finite sample distribution and
moments of econometric estimators. The approximate formulae are derived
directly by series expansions of the formulae that define Theil’s indices in the
continuous case. We find that larger variances, larger positive covariances
among the attributes, larger positive skewness, and larger leptokurtosis con-
tribute positively to multivariate inequality. Generalizations of the results in
Theil (1967) and Maasoumi and Theil (1979) for the univariate case are
incidental.

Section 4 provides some insights concerning the incremental contribution to
inequality of each attribute, and sufficient conditions are given under which an
additional attribute may add to inequality.

The paper is organized as follows: Section 2 briefly describes Theil’s indices
in the discrete and continuous cases, for any attribute and for their aggregates.
Section 3 derives and analyzes the approximate formulae for the same indices
without the assumption of log-normality, and an appendix reports some
numerical evidence on the measures and the approximate formulae. Section
4 analyzes the incremental value of attributes. Concluding remarks are in
section 5.

2. Multidimensional inequality and the multivariate log-normal attributes

Based on the concepts of entropy and ‘information’, Theil (1967) proposed
two scale-invariant inequality indices, T/ and T2, as follows:

N
TI(x,)= Zx,-flong,-f, (1)
i=1
1 N
T2(x;) = ~log N — ﬁZlogx,-f, (2)

where x;=(x,/,..., Xy ), x;,=X,;/2"X,, and X, is the quantity of an
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attribute, f=1,..., M, received by the ith individual, / €[1, N]. Both mea-
sures are additively decomposable by inequality ‘within’ and ‘between’ popu-
lation subgroups. Both belong to the class of decomposable inequality
measures (the Generalized Entropy family) which are homogeneous (mean
independent), symmetric, and satisfy the Pigou-Dalton Principle of Transfers.
Their desirability and unique properties are indicated by the axiomatic studies
of Bourguignon (1979), Cowell and Kuga (1981), Foster (1983), and Shorrocks
(1980, 1984). Following the approach of Atkinson (1970), Blackorby and
Donaldson (1978) analyze a class of welfarist Social Welfare Functions (SWFs)
which imply and are implied by these two and other inequality measures. The
work of Shorrocks (1980, 1984), in particular, suggests clearly that, if unam-
biguous additive decomposability is required in a study, the choice of Theil’s
measures, specially the second, is not as arbitrary as it may have seemed.

Let X;=(Xj,..., X;;)" be the ith row of the attribute matrix X =(X/)
and let the share matrix x = (x;,) be simularly defined. Let S, = h,(X;) denote
a suitable aggregator of the elements of X; and $* =(S/*,..., S¥), such that
S* = S,-/):].Sj, denotes the distribution of the ‘aggregate attribute’. The in-
equality in S* is referred to here as multivariate inequality. Consequently, the
proximity of this distribution to those of its constituent variables is a useful
requirement that ensures the preservation of the data ‘information’ in a way
that is relevant for the measurement of distributional inequality. Maasoumi
(1985) demonstrates that when S; = l_[}f,lX;}/, the corresponding S* distribu-
tion is minimally divergent from the M distributions, xf=(x1/,...,xN/),
fe 1, M]. The underlying information criterion is the generalized
Kullback—Leibler measure:

Dy(S*, x; a) = ;"/{ ZS,'* log(Si*/xi[)}7 (3a)

f=1 i=1

which is minimized when S, has the Cobb-Douglas form. An alternative is to
use the following criterion:

D_I(S*,x;a)=Za/{Zx,flog(x,.//S’_*)}, (3b)
I; ;

According to this criterion, the ‘ideal’ aggregator is S;=¥7a;x,;, a linear
utility function.! One advantage of (3a) over (3b) is that it computes all the
divergences from a common distribution, the S*. Another advantage is that the

"Based on the notion of ¢-entropy, further generalizations of information criteria have been
considered in Maasoumi (1986). The CES and other utility functions prove ‘ideal’ with respect to
these more generalized criteria.
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Cobb-Douglas function allows for some substitutability between the at-
tributes, whereas the linear function associated with (3b) is too restrictive in
this regard. In the multivariate context substitution eflects are clearly impor-
tant and should be taken into account. However the function S; is defined,
interpreted, and (possibly) estimated, it is clearly seen that its form introduces
a new degree of arbitrariness in any multivariate approach which allows for
interaction between the attributes.

When the constituent attributes are treated as continuous variables, we
denote their continuous aggregate by the variable S. Then, Theil’s measures
are defined as follows:

TI(S)=E[(S/ES)log(S/ES)], (4)
T2(S) = Elog(ES/S) = logES — Elog S. (5)

In the remainder of this section we analyze the important special case in which
the S; takes the Cobb—-Douglas form and the joint distribution of the M
attributes is the multivariate log-normal. Thus, let z = (z,,..., z,,) represent
the continuously distributed attributes and )xf= Ez,, f=1,..., M. Following
Theil (1967), we note that x,,=z,/NA, and S* = S/NE(S). If z has a joint
log-normal distribution with mean p = (p,,..., py), p,= Elog z;, and covari-
ance matrix X = (o), then § = I_IAf_lz}"f will also have a log-normal distribu-
tion; see Aitchison and Brown (1957). Formally, it may be verified that

S~A(ap,d'Za). (6)
Using the results in Kendall and Stuart (1969, p. 169), we find that
logES = ja’2Za + o'p. (7)

From (5)-(7), Theil’s second measure is obtained as follows:

T2(S)=1%a’Za>0 (8)
M M M

=3 aﬁ(%o//) + Y afz Oy . (9)
f=1 f=1 [<k

Either by direct calculations or by analogy with the univariate case, we find
TI(S)=4a'Za=T2(S). (10)

Expressions (8) and (10) may be recognized as generalizations of the univariate
resuit in Theil (1967). For any log-normal variate z,, both of Theil’s measures
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are given by g, half the variance of logz,. From (9) we may deduce that
multivariate inequality is made up of two parts: a weighted sum of attribute
inequalities and, in the second term of (9), adjustments due to covariation in
the attributes (see section 4 for a similar decomposition). In the terminology of
Atkinson and Bourguignon (1982), a multivariate distribution (second-order)
dominates another if it has lower variances and covariances. In particular,
when their marginal distributions have identical variances (g;,), lower (or
negative) covariances indicate greater equality. These observations follow from
the homogeneity of Theil’s measures and the fact that their implicit SWF’s
belong to the class ¥~~ defined in Atkinson and Bourguignon (1982). TI(S)
does not belong to the class of inequality measures proposed in Atkinson
(1970). T2(S) is a member of the latter class, however, with a constant ‘degree
of relative inequality aversion’ equal to one and a constant elasticity of
substitution in S of the same amount. For the log-normal attributes, however,
these two measures provide the same ranking of distributions.

3. More general distributions and aggregate functions

Despite its empirical plausibility in some cases, the log-normal distribution
does not generally fit the “true’ distribution of many attributes of interest.
Hence we provide certain approximate formulae for 77 and 72 which can be
conditionally used for any aggregator function, S, having a leptokurtic distri-
bution. Our results here follow the developments in Maasoumi and Theil
(1979) who were concerned with univariate (income) inequality.

For the aggregate attribute S, let p=log, S — E(log.S) and of = Ep”.
Theil’ measures are expressible as follows:

T2(S) =log. Ee?, (11)
TI(S)=E(pe?)/Ee? — T2(S). (12)

Using Taylor’s expansions of such expressions as e”, logEe?, pe”, and
1/Ee?, the following approximations may be verified to the order given:

T1(S)=§°sz[1+ §Y15°s+§72503+0(053)]’ (13)

T2(S) = 052[1 + ty,60¢ + 52508 + O(osz)], (14)

[T

where the skewness coefficient, v,, and kurtosis, y,, are given by

ns=Ep’/o] and v,5=Ep*/of 3. (15)
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In the case of the Cobb—Douglas S, 62 = a’Sa can be used in (13)-(15). Of
course, these formulae are also applicable for any single attribute.

Several properties of (13)-(14) may be noted:

(i) For positively skewed (with long tails on the right) and leptokurtic
distributions, both indices exceed their value for the log-normal distribu-
tion (o).

(i1) In terms of skewness alone, the excess of T1 over %asz is twice that of 72.

(ii1) In terms of kurtosis alone, the excess of 71 over 1og is three times that
of T2.

All of these properties [particularly (ii) and (iii)] reflect the relative sensitivity
of these two measures to transfers at different parts of the distributions. When
the logarithms of the attributes are nearly normally distributed, both 7/ and
T2 are close to tol. Clearly, the accuracy of these approximations [{O(ag)] is
quite good so long as o is small (less than one). Another condition for the
validity of the approximations is the existence of at least the first four
moments of the underlying distributions.

Estimation and inference based on formulae (13) and (14), for any attribute
or for their aggregate, is rather straightforward. Under random sampling, the
first four sample moments are all that we need to consistently estimate o, v,
and y,. For the Cobb-Doublas aggregate, a consistent estimate of X is the
second sample moment matrix. Note that in this case log S is a /inear function
of log Z;, and the sample-based estimates of of, v;5, and y,¢ are evidently
consistent under random sampling.

In the appendix to this paper we present some numerical evidence based on
the data of the Michigan Panel Study of Income Dynamics. Except in the case
of extremely flat distributions (near-zero inequalities), the approximate formu-
lae perform well. The difficulty with approximation of near-zero quantities is a
common feature of mathematical approximations.

4. Incremental contribution to multivariate inequality

In welfare theory, ‘fundamentalism’ or the assumptions of ‘anonymity’ and
‘impartiality’ suggest that the greater the number of attributes considered the
fuller is the representation and the ordering of the individuals in a population
[see Kolm (1977) for a formal statement of the same]. A single attribute such
as income provides a poor representation. In practice, however, one cannot or
need not consider a very large set of attributes. One reason is that the
attendant measurement problems and errors tend to mount rapidly, particu-
larly in the case of qualitative indicators and factor components of variables
such as ‘wealth’. Another reason is that the incremental contribution to
inequality of additional attributes may be too small to justify their inclusion,
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particularly for a priori less important or questionable variables. It is thus
useful to be able to identify this incremental contribution in a relatively simple
manner. This is the primary aim of this section.

We pursue this question first in the special case which led to (8)—(10), and
then in the general case of discrete variates whose distributions are unknown.
From eq. (9), the separate contribution to inequality of the fth attribute, I,
say, is given by

M
I=1Yajo, +a, ) a0, (16)
kwf

where the symmetry of 2 has been utilized. Since a, > 0, we observe that

M
>0 if Y e0,20. (17)
k+f

This is a sufficient condition, however, and when Zk#/akojk <0 a general
condition is

M

520 it | T (/a)(ow/oy) "ol <4, (18)
k=+f

where p;, is the simple correlation coefficient between two attributes. Condi-
tion (18) is more likely to be violated when attribute f is strongly negatively
correlated with attributes which are relatively more important (a,/a,>1)
and /or relatively less equally distributed (o, /0,,> 1). Hence, negauive corre-
lation with other attributes may more than cancel-out the own inequality
(3ajo,,) term and reduce overall inequality.

When the distribution of attributes is not the log-normal, we may pursue
the question at hand by using the following decomposability results estab-
lished in Maasoumi (1986, proposition 2):

T2(S)= Y a,T2(x,;) — min Dy(S*, x; &), (19)
f=1

TI(S)= Y ¢TI(x;) ~min D_,(8* x;¢), (20)
f=1

2We have assumed a,> 0 for all f. One may conceive of some attributes with disutility. One
example may be the distribution of hours of work. In that case, leisure will be the attribute
considered with a nonnegative weight.
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where ¢, = aﬂ}/):kaka, T,= ):in/’ Zfaf= 1, = chf, and the second terms
on the right of (19) and (20) are, respectively, the minimum of Dy( ) obtained
at S;=T1,x# and the minimum of D_,( ) obtained at S, =X ax,.* Since
both Dy( ) and D_,( ) are nonnegative, it is seen that both T/ and T2 are
bounded above by the weighted averages (T1 and T2, say) of attribute
inequalities. Also, (3a) and (3b) indicate that both Dy( ) and D_,( ) are
decomposable by attribute contributions. Hence the incremental contribution
of an attribute may be identified from (19) and (20) as follows:

N
T2(f) =, T2(x;) — a3, S log(S*/x,), (21)

i=1

N
T1(f)=c/T1(x/)—c/Zx,},log(x,-//S,.*). (22)

=1

Expressions (16), (21), and (22) may be employed to measure the incremental
contribution to ‘inequality’ of a variable which is already included in the
aggregation. The consideration of the effect of extending the set of M vari-
ables by an additional and possibly questionable variable is somewhat more
complicated since we must also allow for a change in attribute weights from
o= (0g,...,0,,0) t0 8§ =(8,...,8,,8,.,), say. In general the net effect on
inequality of adding this last attribute is indeterminate. Some intuition can be
gained, however, by exploring the conditions under which T2(f) >0 for
f= M+ 1. We note that ):7_10!/= 1= 27;1‘8, and §,,.,= Z}":l(af— 8,)>0.
Let W,=(a;— 8;)/8,.; it follows that Zy_le= 1. It may be verified that

M
T2(M+1) =8y, 1| T2(xpa1) — )} I'VfT2(xf)
/=1
+1og(Kpe1/Kar), (23)

*The aggregate attribute used to compute 7/ and 72 (S,) continues to be defined as a function
of the actual quantities, X;/’s. This convention was followed since this accords more naturally
with the usual interpretation of S; as a utility function. Consequently the ‘ideal’ forms for S, were
obtained by minimizing D( ) defined over X, and S, rather than the shares x;, and S*. The
‘ideal’ aggregate shares, S;=I1,x;, and § = a.x,, can be obtained if we minimize the
divergence criteria as are defined’in (3a) and (3b). l/f tf{ese aggregate shares are used to compute
T1 and T2, the decompositions (19) and (20) will be unaffected except that, in T1(S), ¢,’s should
be replaced by a,’s. This is because 72 is homogeneous in S, as well as in every attribute, whereas
71 is homogeneous in S; alone.
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where
N M
—logK, = —log Y. (]_Ix,"/) = min Dy (S*, x; a), (24)
=1\ /=1
N M1
—log K, ,,= —log ¥ ( 11 xff) =min Dy(§*, x,; 8), (25)
i=1\ /=1

where x, is matrix x augmented by x,,,, and K,,, K,,,, <1. From (23) it is
seen that, if K,,, |, > K,,, we have

M
T2(M+1)=0 if T2(x,,,)= Y W,T2(x). (26)
=1

That is, inequality will be no less if the inequality in the (M + 1)th attribute is
no less than a weighted average of the inequalities in the first M attributes.
The size of this increment depends on the weight given to the (M + 1)th
attribute (8,,,,). For a ‘normal’ additional attribute it is plausible to assume
W,>0 since a,> 8/, f=1,..., M, is likely to characterize the new weight
scheme.

The condition K,,,, > K,, is not of course a necessary condition for
T2(M +1) = 0. According to the information criterion Dy( ), K,,,, = K,
holds when the fit of §* to the available data improves with the addition of the
(M + 1)th attribute [see (24) and (25)]. It may be verified that a sufficient
condition for K,,,, > K, is that

M
x,vM“Zf]—[lx,‘}/ forall i€[l,N]. (27)

When a,> 8, V/€[1, M], it is easily verified that the reverse of (27) cannot
hold for all i€[1, N]. An example, using the Michigan panel data on
components of income, schooling, and a proxy for ‘wealth’, serves to clarify
these conditions. Employing these data for the years 1968, 1975, and 1979,
Maasoumi and Nickelsburg (1988) find that in all cases the quantities log K,
and log K, are very small indeed, and condition (26) above provides a reliable
and simple guide. In particular, adding schooling to income and wealth
reduces the joint inequality in the latter two variables. Schooling inequality is
far less than any weighted average of income and ‘wealth’ inequalities (the
actual weights were 3 and 3, and 1, §, 3 when schooling was added). ‘ Wealth’,
on the other hand, is found to be generally the least equally distributed
attribute in these data. It’s addition is found to increase multivariate inequal-
ity in income and schooling as could have been clearly predicted by condition
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(26). These observations are confirmed in an extensive study of international
data on per capita GNP, Physical Quality of Life Indices (PQLI) and Basic
Needs (BN) Fulfiliment indices reported in Maasoumi and Jeong (1985).*

5. Concluding remarks

Under the assumption of jointly log-normally distributed attributes and
Cobb-Douglas individual utility functions, the multivariate versions of Theil’s
inequality measures were derived and analyzed. The formulae demonstrate the
important part played by attribute correlations in the multivariate context.
Relaxing the log-normality assumption, approximate formulae for both indices
are given which are applicable in general for any aggregate function of the
attributes.

The incremental contribution of attributes to inequality were derived with
certain sufficient conditions which determine their sign.

Other distributions than the multivariate log-normal may be considered.
Exampies are the multivariate Beta and certain multivariate Dirichlet distribu-
tions. For certain utility functions, some inequality indices may be derived
analytically since only the moments of such distributions are generally re-
quired [e.g., see Basmann et al. (1982) and Slotije (1987) for the Gini
coefficients of a Beta distribution]. The complexity in the attendant estimation
requirements increases rather rapidly, however.

In addition to the choice of a particular inequality measure and the implicit
value judgements thereof, several new decision problems are posed by the
multivariate approach. Among these the choice of an aggregate or utility
function is the most immediate. When measurement of inequality is the
primary objective, we think the information theory approach outlined in
section 2 provides a sensible solution to the functional form problem. These
functional forms also satisfy the more traditional properties (e.g., concavity,
quasi-concavity, etc.) required of utility functions, The unknown parameters in
these aggregate functions have to be determined in practice. When market
prices exist for af/ the attributes, data-based ‘solutions’ are available through
the estimation of systems of demand equations. Some well-known identifica-
tion problems not withstanding, this situation is as ideal, however, as it is rare
since market prices do not generally exist for many qualitative and/or
nontraded (e.g., public) goods. Faced with this problem, another data-based
‘solution’ exists only for the values of the «,’s which, however, does not
appear to have any welfare-theoretic justification. This ‘solution’ is a variant
of the method of Principal Components (PC) proposed by Ram (1982). Using

*Our weights were generally based on the principal components of the variables. As is amply
clear from the definition of T2(M + 1), one can conceive of weighting schemes which change its
direction and magnitude.

-
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this method, the vector a is the normalized form of the characteristic vector of
the attributes’ covariance matrix corresponding to its largest characteristic
root. These are the (normalized) weights given to the attributes in their first PC
which accounts for the largest fraction of variability in the data. We propose
these weights be computed to provide a benchmark in a subjective determina-
tion of the unknown parameters. One advantage of the decompositions given
in (19) and (20) and in Proposition 2 of Maasoumi (1986) is that they make
explicit any subjective choice of these parameters. Hence, observer’s valuations
of the attributes have easily traceable consequences for the assessment of
multivariate inequality which are distinct from other subjective differences
arising from the choice of inequality measures (or the SWF’s) and/or the
aggregate functions.

The condition which produces the convenient decomposability formulae
(19) and (20) is quite restrictive and deserves some examination. Once a
member of the Generalized Entropy family of inequality measures is selected
(e.g., T2), the imposition of the “attribute decomposability’ requirement [e.g.,
(19)] determines the constant elasticity of substitution in the individual utility
(aggregate) functions (e.g., 0 =1 for the Cobb-Douglas). This is because the
decomposability condition forces the ‘individualistic’ SWF to be ‘specific’ as
well {see Kolm (1977)}. Equivalently, a knowledge of the observer’s constant
elasticity of substitution in his valuation of individual utility (S;) and the
requirement of the attribute decomposability property together determine a
unique member of the GE family of inequality measures. In general, when the
decomposability condition is not imposed, a value for the elasticity of substi-
tution parameter must be estimated (when possible) or assigned. Clearly, it is
worthwhile to investigate and to report the robustness of inequality measure-
ments with respect to reasonable changes in the unknown parameter values.

The ranking of certain distributions, however, can be shown to be less
dependent on specific utility functions and inequality measures. For instance,
if X and X are two attribute matrices such that X = BX, with B a bistochastic
matrix which, as is well known, leaves the attribute totals (7;’s) unchanged
and implements certain ‘averaging’ redistributions, we may assert that

1(S=h(X)) <1(S=h(X)),

for all inequality measures, I( ), such that —I( ) is Schur-concave, and any
positive, real-valued, and concave function S;=h(X,) [see Maasoumi (1986,
proposition 3)].

Appendix

In order to provide some numerical evidence in general, and on the
performance of the approximation formulae (13) and (14), table 1 below
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presents an analysis based on the 1979 data taken from the Michigan Panel
Study of Income Dynamics. There are 3555 randomly selected households in
this sample which we divide into four distinct age groups. These are, respec-
tively, age < 30, 30 < age < 45, 45 < age < 65, and age > 65. Three attributes
are considered as follows: In denotes income adjusted for family size and
includes asset income as well as such transfer payments as unemployment and
food stamps. H denotes bracketed net equity in housing as a factor compo-
nent of wealth. Ed denotes averaged years of schooling of household adults
(see the explanations below the table). Column 1 reports the Gini coefficient of
inequality in the Cobb-Douglas function S; for all the sample (row 1) and
each subgroup. The next four columns report Theil's second measure for S,
and each of the three attributes. Between-group inequality is distinguished
from the (population shares) weighted average of the within—group inequali-
ties. The Gini coefficient does not permit this type of useful decomposition. A
more extensive study in Maasoumi and Nickelsburg (1988) demonstrates that
between-group inequalities have declined substantially compared to 1968 and
1975, whereas within-group inequalities have either increased slightly or re-
mained stable. The overall measure [T2(S)] is more representative of the
general picture as well as of each attribute, whereas each attribute (e.g.,
income) can misrepresent both the overall picture and the pattern of inequality
in the other attributes. The weights given the three attributes were based on
the PC method as described in the conclusion to the paper. The pattern of
inequality is quite robust with respect to changes in this valuation scheme
((3, %+ 1) and equal weights were also studied).

To shed some light on the performance of the approximation formulae (13)
and (14), the last two rows of table 1 report the approximate values of Theil’s
two measures for S, income and education. Housing distribution provides very
similar results to that of income and is not reported in order to facilitate the
comparison between the two extremes observed for income and S on the one
hand and schooling distribution on the other. y, and y, suggest that, while the
log-normal distribution fits the S and income distributions reasonably well,
the distribution of schooling is very flat. The latter is very equally distributed
with a very small variance. A comparison on the entries in the last three rows
suggest that, in all cases, the estimates based upon the formulae (13) and (14)
are practically the same as the estimated inequality assuming the log-normal
distribution (16?*). Approximate T/ and 72 values are practically identical.
All three estimates are less than the corresponding entries in the first row of
the table. However, the entries in the first row of the table are themselves
discrete approximations (estimates) of ‘true’ inequalities. The most plausible
observation seems to be that, for highly equally distributed attributes (near-zero
inequalities) such as schooling, the approximations do not perform as well as
might be hoped. In other cases the performance appears quite good relative to
the available data.
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