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Abstract. There are seemingly two main welfare theoretic approaches to the measurement of mobility. Oneis based on
transition matrices and their reduction to a scalar measure. The other is the so-called Maasoumi-Shorrocks-Zandvakili “ inequality
reducing’ measures that relies on the well known welfare function analysis of inequality indices applied to long run incomes.
Both are surveyed in this paper with descriptions of statistical methods for their empirical implementation. It is seen that the
two approaches are convergingto the samety pe of welfare orderings. Some popular mobility indices are analyzed in this light.
Severa empirical examples are briefly described which specialy highlight the second method' s ability to consider long run income
inequality and produce mobility profiles.
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Introduction

Mobility in any socia hierarchy is an indication of opportunity. It is therefore a measure of fairnessin any economic
system. In areal sense mobility should be of greater concern to policy makers and analysts than such other important concerns
asinequality. It may be understandable and socidly tolerable for the young, say, to have less assets or income, but the likelihood
and the opportunity to move up and earn in relation to effort is surely adecidedly desirable socia god. What mattersin this
context is “ lifetime equity” rather than instantaneous equality.

There are essentially two types of movementsthat constitute mobility. Oneis a“growth’ or “structural” mobility which
may arisefrom ageneral economic movement up, or down. The other is the “latteral type”, or “ exchange mobility” which obtains
when individuals, households, or groupsof such units move from one stateto another. Since there are at |east some temporal
limits to such upward movements, mobility, particularly of the latteral type, must be “ equalizing’. Thus welfare comparison
between any two mobility states necessarily requires functionals that reflect degrees of socia preference for equity, exchange
mobility, and growth (new opportunities).

There aretwo important questions that need attending to. One is how does one characterize economic status? The other is,
how does one evaluateand compare different mobility situations? The latter question poses the issue of why is mobility socially
desirable and, if it is, what kinds of Socid Welfare Functions (SWFs) represent our preferences for mobility? The first question is
al too often resolved by using“income” as aproxy . Such aproxy is evidently more meaningful the more market oriented an
economy and aculture, and the less is the level of in-kind and other transfer payments and entitlements.

The reliance on SWFsfor evaluating and comparing welfare situations has provided a scientifically useful tool that provides
for economy of thought, as well as discipline, since it forces a declaration of principles that are too often implicit. In the instant
case the desirability of both types of mobility suggests functionals that areincreasingin incomes (for the growth component),
and ultimately equality preferring (for the exchange component). While changes in earnings and incomes have been and should be



studied with the am of identifying significant “ causal” factors, the evaluation of an existing degree of mobility requires welfare
comparisons.

There are currently at least two complementary lines of analyzing mobility. The older approach requires specification of
transition probabilities between social states, and awelfare evaluation of the transition matrices that are estimated from the
existingdata This clearly requires detailed data, with large panel databeingthe best source for sufficient cel repetitions which is
necessary for reliable statistical inference. There are numerous mobility indices which are mappings from the transition matrices
to scalars. Shorrocks (1978a) and Geweke et d (1986) provide systematic discussions of criteriafor sensible mobility indices.

In linewith agenera direction toward unanimous partial orderingin the literature on inequality, useful welfare ranking
relations have been developed for transition matrices which rekindle the essential role played by Lorenz and Generalized Lorenz
criteria. While the SWF evaluation has begun to be emphasized in this approach, the task of devising consensus SWFs over
matrices remains a chalenge reminiscent of that faced in the multidimensional analysis of inequality. | provide an account of this
line of inquiry in section 3.

The second approach was initiated by Shorrocks (1978b) and generalized by recasting mobility as a multidimensionality
question as in Maasoumi (19864), e.g., see Maasoumi and Zandvakili (1986, 1989, 1990). In this approach inequality indices are
computed for multi-period incomes, that is, atype of “ permanent income” measured over more than a single period, and mobility
indices with a profile of equalization over time are obtained. The latter are directly related to and interpretable by the familiar
classes of increasing and equality preferring (Schur concave) SWFs. It will be seen that the more recent welfare theoretic
development of the transition matrices approach is convergingto the same welfare comparisons, similar notions of longrun or
“permanent” income, and thus similar preferred mobility indices! Quite genera mobility indices are proposed and empirically
implemented by Maasoumi and Zandvakili (1989, 1990). This approach is aso demanding of dataand, like the first approach, it
is idealy implemented with plentiful micro data But the Maasoumi-Shorrocks-Zandvakili (MSZ) measures may be adequately
estimated with datagrouped by age, income, education, etc. This is useful since much datais made available in this aggregated
form, and the approach is particularly focused on “equalization” between income groupsin away that allows controlling for
sources of heterogeneity amongindividuals and households. Such controls with aggregatedata appeal to some who may wish to
tolerate some diversity due to such things as age or education. | present an account of this approach in section 2.

Our survey makes clear that both approaches share a concern for the distribution of awelfare attribute as well asits
evolution. And the convergence in both approaches to rankings by Lorenz-type curves is of econometric significance. Thereis
now awell developed asymptotic inference theory for empirically testing for order relations such as stochastic dominance,
Lorenz dominance, and concentration curves. This type of testingis acrucia first step since comparing mobility indices
(statistically or otherwise) is of questionable value when, for instance, Generalized Lorenz curves cross. Section 4 contains a brief
account of the statistical tools that are available for inference on both the indices of mobility and order relations.

A loosdly related strand of econometric research seeks to specify statistical models of earnings or income “ mobility”. While
it is true that such models are focused on explaining“ change” and “ variation” which are not as meaningful as “ mobility”, they can
shed light on significant explanations of earnings changes, as well as account for heterogeneity. This is consequential for policy
analysis. Further, there are econometric models that seek to fit transition probabilities. Such studies are directly useful for not
only estimating transition matrices, but for explaining the estimated probabilities. We do not delveinto this empirically
substantive areain this survey . Section 5 concludes with several empirical applications of the “inequality reducing’ mobility
measures. An insightful survey of income mobility conceptsis givenin Fields and Ok (1995). Absol ute measurement of income
mobility and partial ordering of absolute mobility states is treated in Mitra and Ok (1995).

Inequality reducing mobility indices
The MSZ indices

The most common approach to comparing welfare situations is based on indices. For example, two income vectors depicting the
respective distribution of households a two points intime, or in different regions, are explicitly and implicitly ranked by scalar
measures of such things as inequality, mobility, or poverty. The welfare theoretic underpinnings and limitations of index-based
comparisons are now well understood. Notwithstanding these serious limitations, the need for “ measurement” has led to the
development of many “ sensible” indices, supplemented with statistical tools which are based upon the asymptotic distributions
of the indices; see Maasoumi (1996a) for arecent survey. This “index-based” approach is limited because of alack of unanimity
on the acceptable index even when there is broad consensus about certain normative principles. But the main difficulty is a
consequence of the difficulties of welfare“ comparability” as well as the appropriate cardinalization of the class of admissible
criterion functions.

In the caseof mobility indices, Shorrocks (1978b) and Maasoumi and Zandvakili (1986) argued that a more reliable measure
of individual welfare and the distribution of incomes is to be obtained by considering the individual or household's “long run”
income. They argued that such ameasure of income computed over increasingly longer periods of time would remove transitory
and some cther life cycle related movements which are picked up by year to year comparisons of income distributions. The



annual “ snap shots” are incapable of accountingfor mobility and returns to investments and/or human capital. The effects of
seniority done may make the notion of income inequality meaningless.

These authors are therefore concerned with dynamics of income distribution, and are thus accounting for, and chdlenged by,
afundamental lack of homogeneity amongst households. The natural labelling of individuals at different pointsin their life cycleis
an essential form of heterogeneity which contradicts the common assumption of symmetry (anonymity) which playsacrucia
rolein much of the welfare theory that underlies inequality analysis. Shorrocks (1978b) proposed the simple sum of incomes
over T periods as the aggregateincome. Maasoumi and Zandvakili (1986, 89, 90) proposed more general measures of * permanent
income” encompassing the simple average and sum. This author recognized the essential multidimensionality of the mobility
analysis and proposed its treatment on the basis of the techniques and the concepts developed in Maasoumi (1986a, 1986b).
Conseguently, generd functions for “ permanent incomes” where devel oped which are Maximum Entropy (M E) aggregators.

The next step in this development is to analyzethe inequality in the permanent incomes and compare with single period
inequalities. A weighted average of the latter was used by theseauthorsto represent “short run” inequality over any desired
number of periods. Clearly, adistribution of permanent incomes is being compared and ranked with areference short run income
distribution. In view of this, dl of the rich welfare theory supporting Lorenz and Generalized Lorenz (second order stochastic
dominance) dominance relations, as well as the convex inequality measures consistent with such relations, comes at the disposal
of the analyst for evaluating mobility profiles and dynamic evolution of the income distribution. At first sight, this appears an
un-necessarily restrictive setting for definingthe welfare value of mobility. Further reflection suggests that this is not so. Indeed,
wewill seethat the recent development of awelfare theory basis for the alternative of transition matrices has made clear acertain
inevitability for the role of the same welfare criteria and, therefore, the same types of mobility measures as the
M aasoumi-Shorrocks-Zandvakili indices!

Let X;; be the income of thei-th individua in the t-th state (period, say) ;i T [1,n] ,andtT [1,T]. Let S(X;;a,b) denote
thei-th individual’ s permanent income (living standard?) over anumber of periodsk = 1,2,...T ,and S= (S, S, ....,Sy) denote
the vector of such incomes for the n households or individuas. The inequality measures which are consistent with aset of axioms
to be described below are represented by |4(.). Let X denotethe welfare matrix with the typical element X;; and denoteitsi-th
row by X;, anditst-th column by X'. The latter is the income vector in the t-th period/state.

Thek - period longrun inequality is given by 14(S), and short run inequality may be represented by 1§ = 8 &, al4(X"), for
k=1,2,...,T.Thevectora = (a,a,,.....,a ) represents the weights given to the income distribution in different periods, such
as the ratio of the mean income in the period, m), and the overall mean of incomes in al the k periods under analysis.

Shorrocks (1978b) proposed S = § f:l Xit, and It | the ratio of meansjust described, as weights, and Maasoumi and
Zandvakili (1986) generalized S; and the weight functions, suggesting the followingindex of mobility:

mk = 1- 19 #
9 IS

withR§ = Ig(kS), as ameasure of stability #
g

whereit is to be noted that §(.) is measured over the same k periods. When Sis quasi-concave R1 [0,1] follows from the

convexity of the inequality measures considered. A “mobility profile” is generated by depicting R as k increases over its range.

Both Shorrocks (1978b) and Maasoumi and Zandvakili (1986, 89,90) report empirical studies of the US datafrom the PSID.

Section 5 describes some of these studies.

Bounds on Rg may be established using the decompositions of multidimensional measures of inequality given in Maasoumi
(1986, Propositions 1 and 2). P+ = (Ry,R»,...., Ry) is astability profile which can aso reved the effect of increasing smoothing
of the income variable starting from R; = 1. Other than this smoothing out of the short run effects, Ry is capable of revealing
durable “ mobility* toward equalization in away that may be obscured by lookingat each | 4(X"), t = 1,...,T. This is most clearly
seen by considering a situation in which only a permutation of the income vector has occurred between two periods. As is well
known, this leaves our anonymous (Symmetric), relative inequality measures unchanged, but the distribution of the aggregated
incomes over the two periods will be changed, possibly dramatically (unlessthereis perfect equality to begin witht!).
Consequently, 1 4(S) and Ry will measure any mobility over the two periods.

Given that theindices | ((.) are supported by Schur-concave Socia Welfare Functions (SWFs), ordering mobility states by
the class of measures in Ris consistent with unanimous partial orderings conducted with generalized Lorenz curves and related
orderings. For this reason, and to help in the discussion of section 3 below, it is useful to have abrief account of the relevant
welfare theory.

The fundamental welfare axioms
Kolm (1969) and Atkinson (1970) provided the modern and influential formalizations of the relationship between SWFs and
inequality measures. The need for establishingthis important relationship is now recognized widely when analyzing poverty and
mobility. However, the axiomatic SWF approach does not by itself identify unique indices even when aparticular set of
normative properties are consented to by amajority. To appreciatethis point, consider the Atkinson family of inequality



measures for income x having mean my:

A =1- [(5 x*VdF]Tv/m,v>0v 1! 1 #

=1- exp[og¥m)dF], v =1 #
where F is the c.d.f of income. Smilarly, the Generalized Entropy (GE) family of indices is given by:

1409 = g G (mIIEdmI® - 11, g red #

I gis ordinally equivaent to the coefficient of variation and the Herfindahl index, and includes the variance of logarithms and
Theil’ s first and second messures, 1o and | ., , respectively. Also, up to amonotonic transformation, there is a unique member of
GE corresponding to each member of the Atkinson family. v = - gis the degree of aversion to relative inequality; the higher its
absolutevalue the greater is the sensitivity of the measure to inequality (transfers) in the tail areas of the distribution.

Employingthe functional theory first developed in “information theory” for identifying appropriate measures of divergence
between distributions, see Maasoumi (1993), and noting that inequality and many other indices are similar measures of
divergence, one puts down an explicit set of normative properties (axioms) which inequality indices and/or SWFs must satisfy.
Using these axioms as explicit constraints on the function space one then obtains the appropriateinequality index. To exemplify,
let us follow Bourguignon (1979) or Shorrocks (1980, 1984) in their discussion of the “ fundamental welfare axioms” of
Symmetry (Anonymity), Continuity, Principle of Transfers, and additive decomposability. Combined with homogeneity, these
axioms identify members of the GE as the desirable family of relative inequality measures.

Axiom 1. (Anonymity) The inequality index (function) is symmetric in incomes.

Axiom 2. (Homogeneity) Invariance to scalar multiplication.

Axiom 3. Continuity.

Axiom 4. Principle of transfers.

This requires that inequality decreaseif we redistributefrom asingle richer individual to a poorer one, leavingtheir
respective rankingand al the other individuals’ incomes unchanged.

Axiom 2 is aserious limitation as it restricts attention to “ relative” inequality. This is so since this requirement implies mean
invariance,—doubling everyone' s income would leave inequality unchanged.

The class of functionals satisfying Axioms 1-4 is large! Also, any further axioms areless likely to command unanimity. In
fact, any further requirements must be justified by plausible considerations of such things as, heterogeneity amongst households
and/or individuals, policy, empirical necessity, and practical interest. The most commonly invoked of such requirementsis:

Axiom 5. Additive decomposability.

This requirement, later strengthened as an “ aggregation consistency” axiom by Shorrocks (1984), saysthat total inequality
must be the sum of a*“ between group” component, obtained over group means, and an additive component which is aweighted
sum of “within group” inequdities. This kind of decomposability is very useful for controlling and dealing with heterogeneity of
populations, and as ameans of unambiguously identifying the sources of inequality and thosethat are affected by it. Inthe
context of mobility analysis, this property further serves to identify the contributions of each time interval under consideration.

If the additive decomposability requirement of axiom 5 is imposed, such measures as Gini, the correlation coefficient, and
variance of logarithms must be excluded. The latter measures provide ambiguous decompositions of overall inequality by
population subgroups see Shorrocks (1984). For the GE family, for instance, adiscretized (estimation) formulathat helpsto
demonstrateits decomposability is as follows:

— g g 1 -grr b
lg= X/ a x1% (n/n) 91" + 1§ #
r=1 =1

where | g is the between group inequality computed over the group mean incomes, | is the inequality within the r-th group,
r=1,2,...,R n; is the number of unitsin group r, and X; is total income of ther - th group.

Aggregate or permanent income:
Asin Maasoumi (1986a), we consider the following weighted generalized entropy measure of divergence between S, on the
onehand, and X', t = 1,2,...., T, we have:

Dy(SXa) = & ad & SIS/X)" - Wb(b+ 1)} "
t=1 i=1

where a ;s are the weights attached to each period. MinimizingDy, withrespect to S suchthat § S; = 1, produces the following



“optimal” aggregateincome functions:
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Theseare, respectively, the hyperbolic, the generalized geometric, and the weighted means of the incomes over time. Noting
that the “ constant elasticity of substitution”-s = 1/(1+b), thesefunctional solutions include many of the well known utility
functions in economics, as well as some arbitrarily proposed aggregeates in empirical applications. For instance, the weighted
arithmatic mean subsumes the simple total income discussed earlier, and apopular “ compositewelfare indicator” based on the
principal components of X, when a s are the elements of the first eigen vector of the X'X matrix; see Ram (1982) and Maasoumi
(19893). The “ divergence measure” D ((.) forces achoice of an aggregateincome vector S = (Sy, S,........ ,S,) with adistribution
that is closest to the distributions of its constituent variables. This is desirable when the god of our analysis is the assessment of
income distribution and its dynamic evolution. The entropy principle establishes that any other Swould be extra distorting of the
objective information in the datamatrix X. The distribution of the datareflect the outcome of al optimal alocative decisions of all
agents in the economy ; see Maasoumi (1986b).

The next step in constructing general mobility indices as proposed by Maasoumi and Zandvakili (1986) is the selection of a
measure of inequality. The GE index described above was computed for the S; functions just obtained. It is instructive to analyze
this measure in the discrete case

149 = & PIS/p) ™0~ Wgl+g.g* 0,1 #

i=1
1o(9 = § SilogS /p;), Theil’s first index

1.1(S) = § pilogpi/S;), Theil's second index "

where p; is the i-th unit’s population share (typically = 1), and S is S; divided by thetotal K = § j”:1 S.
Theseinequality indices are normalized iso-elastic transformations of the aggregateincome functions S, As such they are

“symmetric”, “ homogeneous’, and consistent with the Lorenz criterion. They will be homogeneous with respect to every X', the
t-th column/period in X; if in al the above one works with the matrix of shares, x = (x;;). While this will not change the functional
solutions given above, it requires arather unusual assertion that individua well-being depends on relative incomes. Alternatively,
one can impose agenera form of scaleinvariance at the outset; see Maasoumi (1996b).

Useful decomposability properties are possessed by these measures both in population groupsand in the time directions.

Theorem (Decomposability of GE) Let x;; = Xi/T(, Ty = & i Xit, Wy = TY/K, Ig(Xt) = the GE inequality in the t-th period, and
d =ad4 L, ars Then:

(). 1f1+g=-b, wehave

.
1g(S) = § dWi™I¢(X) +(§ dW™®- 1)/g1+9) #

t=1 t
(ii). If the margina distributions are identical-i.e., x* = X<, " tand k, we have,
1(S) = 14(XY),anytT [1,T] #

(iii). For Thelils first and second measures (g = 0,- 1), we have:

1o(S) = & Cilo(X") - D_1(xS";C) #
=1

where Ct = dtTt/ é K dka1 and,
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where by application of L’Hospital’s ruleto Dy, (.) defined earlier, we have:

Do(S',x0) = é, dt[é S logSi/xi)] 2 0

t |

and S definedat b =0 #
and,

D.1(S'.xC) = § Ci[§ Xilogxi/S)] 2 0
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and S definedat b = - 1. #

Proof: See Maasoumi (19863, Propositions 1-2).

In view of the non-negativity of the D(.) terms in part (iii) of this proposition, it is clear that multiperiod inequality is no
more than the weighted average of inequalities in the single periods. This is due to the intertemporal “ substitution” effectsand a
consequence of the convexity of the inequality measures.

Welfare Properties of Ry indices.

In the spirit of the “ axiomatic approach” discussed above for inequality measures, Shorrocks (1992) laysdown a set of
desirable properties that any mobility index may satisfy. These properties are quite suggestive and also useful in any discussion
includingthat of mobility indices based on transition matrices. The desirability of some of the properties may be evident while
that of others may be less obvious or compelling In fact some of the proposed properties are not consistent, so one or more has
to be abandoned.

The domain of income structures X over which the measureis well defined is given as follows.

(A1) Universal Domain : Supposethe feasible set of n-unitsand T periods for positive incomes is denoted by :
X ={X|dmX=n" T;X; > 0}.

A mobility measure should be well defined for al X1 X , where:

X = EpoE X

However, there are some types of income structures that are eliminated from this set. An exampleis situationsin which, in
every period t, dl individuals receive the same income my.
The Maasoumi-Shorrocks-Zandvakili (MSZ) indices satisfy this requirement. Other indices may not; see below.

(A2) Continuity: The degree of mobility varies continuously with theincomesin X.
The MSZ indices satisfy this property.

(A3) Population Symmetry : If X' = P X for some permutation matrix P, then X and X' are equally mobile. This requires
“rank invariance” to be acceptable since X and X' may not give the same ranking of individuals.

The term “ population symmetry” is used becausein the analysis of mobility, unlike inequality, we can consider
permutation of the time period distributions (the columns of X) as well as permutations of the individua income profiles (the
rows of X). One may thus define time symmetry separately:

(A3") Time symmetry: A mobility measure is time symmetric if X and X' are equally mobile wherever X = XP for some

permutation matrix P.

Broadly speaking, time symmetry suggest that we care about the distribution of an individua’s income receipts over time,
but not about the time sequence of thosereceipts. This is more than time symmetry implies, however, since apermutation P
swapsall theincomes in two periods s and t, not just X;swith X;; for asingle person i. But even the weaker idea of time
symmetry, as stated, is objectionable since we may not be indifferent to the time sequence of incomes as, for instance, between



the situation in which incomes are origindly different and then become equal, and the time symmetric equivaent structurein
which incomes areinitially equa, and then become different.
The MSZ indices satisfy time symmetry, but this may or may not be adesirable quality.

(A4) Population Replication Invariance: X and X' are equally mobile whenever X' is a population replication of X.

(A4")Time Replication Invariance: A mobility measureis time replication invariant if X and X' are equally mobile
whenever X' is atime replication of X.

X'T X isapopulation replication of X T X7 if r is apositive integer and X}, = X;; wherever j = kn + i for some integer
k3 0.That is X' is the aggregateincome structure for sub-populations each having the income structure X. Similarly, X' T X1
isatimereplication of X T X, if k is apositive integer and X' = [X,X.....,X]. Invariance with respect to population replication is
the assumption typically used in inequality measurement to compare income distributions for different sized populations.

The MSZ index with additive aggregateincome functions exhibit replication invariance with respect to time and the
population. However, replication invariance with respect to time may in any case be regarded as asuspect property, for much
the same reason as time symmetry . It implies that the degree of mobility is unchanged if the pattern of incomes received in the
first T period, say, is exactly repeated for dl individuas inthe next T periods, and so on. “ But this does not takeinto account the
fact that the distribution of incomein period T may be radically different fromthat in period 1, so moving from period T to period
T + 1 (‘and hence back to period 1 incomes again) may be quite a jolt The desirability of timereplication invariance is therefore
less than transparent”; Shorrocks (1992).

(A5) Normalization: Mobility is aminimum whenever X is completely immobile.
Definition: A structure X is completely immobileif and only if Xis/my = X;i/m for dl i,s, and t.

Completely immobile income structures perform arole smilar to that played by completely equa distributions in inequality
measurement. But it is implicit in the above definition that relative mobility is measured since oneis only lookingat changes in
relativeincomes. This rules out pure exchange mobility. It is atype of rank invariance property that goes beyond requiringthat a
structure in which al individuals incomes are constant over timeis completely immobile.

The MSZ indices satisfy this property. They also satisfy the following stronger normalization property:

(A6) Strong Normalization: Mobility isaminimum if and only if X is completely immobile.

The other benchmark of interest is perfect mobility. Ideally wewould define such an state as one in which the probability of
achievingan incomelevel in period t + 1 is independent of the income received in period t. The concept of perfect mobility is
difficult to formulatein terms of observed incomestructures X. A plausible paralel that fals short of “independence’ isto
requirethat not only are X and X; uncorrelated, but also any, arbitrarily transformed vectors f s(Xs) and f(X;) , where
fe(X0) © (Fe(Xay,fe(Xa), ..o f (X)) for someredl valued function f ;. Thus:

Definition: Anincome structure X = [X,..., Xy is perfectly mobileif any only if f o(X) and f(X;) are uncorrelated for dl s,

t and al real functionsf ,f.
An exampleis given by Shorrocks (1992). Supposethere are J income levels y11,Y21,-..,Yi1 @ time 1 and K incomes levels
Y12,Y22,..Yke & time 2, and let X consist of the JK income profiles (yj;,Yi.) forj = 1,...,Jand k = 1,...,K. Now consider

A f2vio), #

=18 fip, adT, =1
J K&

=1

Then the sample covariance of the observed income profile can be shown to be zero.
The associated property is defined as follows:

(A7) Perfect Mobility: Mobility is amaximum whenever X is perfectly mobile.

Notethat this requires that al perfectly mobile structures have the same index value as well as this common value beinga
maximum. Not al members of the MSZ family satisfy this requirement. See below for amember that partialy satisfies (A7). But
none of the members satisfy astronger version of (A7) defined as follows:

(A8) Strong Perfect Mobility: Mobility is amaximum if and only if X is perfectly mobile.

(A9) Unit Interval Range: Mobility index should bein [0,1].



This is convenient and satisfied by MSZ and many other indices.

(A10) Scale Invariance: X and X' are equally mobileif X' = | X, for any scaar| > 0.

And,

(A11) Intertemporal Scale Invariance: X and X' are equally mobile whenever X' = XL, for any positive diagonal matrix L.

Shorrocks' index based on sum of incomes satisfies (A10) but not (A11). But ageneralization to aweighted sum aggregate
proposed in Maasoumi and Zandvakili (1986, 1990) does satisfy both (A10) and (A11).

How do mobility indices (welfare functions) rank intermediate situations between perfect mobility and total immobility?
This requires acareful consideration of transfer sensitivity of mobility measures and has implications for the class of welfare
functions. Smoothingtransfers that are generdly considered as equalizing (therefore preferred) conflict with normalization and
change the mean of incomes at the point of transfer. It is difficult to consider them as mobility reducing Compensating smoothing
transfers, on the other hand, preserve the mean incomes (m) but can change cross section distributions; see Shorrocks (1992).
Thus the followingtype of “ switches” are considered which can be seen to be mobility enhancing

Definition: The income structure X' is obtained from X by a“simple switch” if, for somei, and j,

(X1 - Xj1)(Xi2 - Xj2) > 0, and, ”
Xit = Xit; Xje = Xit
Xis = Xys for s tand all k
Xis = Xysforal sand al k 2 i,

Then:
(A12) Atkinson-Bourguignon Condition (for two periods): The income structure X' is more mobile than X whenever X' is
obtained from X by asimple switch.

This condition implies that if income profiles of the two personsi and j areinitially rank correlated, then a switch of
incomes in either period enhances mobility. This condition has not been generalizedto T3 2. The MSZ indices satisfy this
condition when income aggregates are weighted averages.

Shorrocks (1992) studied a particular member of the MSZ family which satisfies al of the above properties except (A8),
strong perfect mobility. This member is obtained from the measures defined by Maasoumi and Zandvakil (1986,1989) where
aggregateincomeis § ,aXi;, a; = 1/m, and the short run inequality is represented by § amly(X"), and | 4(.) is the coefficient
of variation, s2/m Herefersto this as an “idea” index. Shorrocks (1992) also looked a another mobility index attributed to Hart.
The latter index is more conveniently described in relation to indices defined over transition matrices to which we now turn.

Transition Matrices

As was argued before, income distributions change over time under the effect of different transition mechanisms. Transition
mechanisms affect socid welfare by changing the income distribution. Two societies with the same income distribution a a point
intime may have different levels of socid welfare depending on the mobility of the populations. This requires welfare functions
defined over an expanding time dimension.

In aMarkov chain model of income generation, Dardanoni (1993) considers how economic mobility influences social welfare
by following the approaches of Atkinson [2], Markandya[18], and Kanbur and Stiglitz [13]. He considers the welfare prospects
of individuals in society by deriving the discounted stream of income distributions which obtain under different mobility
structures. He proposes aclass of SWFs over the aggregates of these welfare prospects, and derives some necessary and
sufficient conditions for unambiguous welfare rankings. Since these aggregates are the discounted stream of incomes, a specia case
of the aggregates proposed by this author and described in the previous section, the two approaches of this section and the
previous one converge when the same welfare functions and the same measures of “ permanent” income are used.

The fundamental inequality theorem states that the Lorenz curve gives the normatively significant ordering of equal mean
income distributions. Inequality indices are difficult to interpret when Lorenz curves cross. In asimilar vein, Dardanoni (1993)
derives apartia order of social mobility matrices which can be considered as the natural extension of the Lorenz orderingto
mobility measurement. The derived orderingmay provide conditions for an unambiguous welfare recommendation without
employing a specific mobility measure.

Summary mobility measures induce acompleteorder on the set of mobility matrices and have the advantage of providing
intuitive measurements and firm rankings. However, it is clear that there are substantial problems in trying to reduce a matrix of



transition probabilities into asingle number. This is very much the problem of multidimensional inequality measurement
addressed by Maasoumi (1986a), Ebert (1995), and Shorrocks (1995). Dardanoni (1993) offers the following example of three
mobility matrices

6 .35 .05 6 3.1 6 40
P=| 35 4 25 [(P2=| 352 [iPs=| 3 4 3
05 25 7 127 127

The rows denote current state and columns denotefuture state. Suppose we use some common summary immobility
measures as proposed and discussed by, for instance, Bartholomew (1982) and Conlisk (1990). Consider the second largest
elgenvadue modulus, the trace, the determinant, the mean first passage time, and Bartholomew’ s measure. Theseindices are
defined below. Any of the three matrices may be considered the most mobile depending on which immobility index is chosen.
This isillustrated in the following table, which shows the most mobile mobility matrix accordingto the different indices.

Indices: Eigenvalue| Trace | Determinant | mean first passage | Bartholomew
most mobile| P, P..P3| Py P P1,P2,Ps3

Different mobility rankings obtain depending on the mobility measure adopted. The welfare-based partial order is smilar to
the axiomatic welfare analysis exemplified above as it ams to clarify the situation depicted in this example in a sound fashion.

The welfare ranking of mobility matrices

Consider adiscreteMarkov chain process for income. Let there be n income states. Let P = [pj;], such that p; 3 0and
a.pj = 1, bethe(n” n) transition matrix, assumed regular (i.e., Pk is strictly positive for sufficiently large integer k), so that the
strictly positive steady state probability vector p exists and is the unique solutiontop’ = p'P. The element pj; is the probability
that an individuad in statei will bein statej in the following period. pi; = p:P denotes the vector whosei - th element gives the
fraction of the population which isin statei a timet + 1. It is assumed that transitions are independent acrossindividuals and P
is constant over time. Strictly speaking P need not be sguare. Restricting attention to this case exploits the properties of
bistochastic matrices. Lastly, income states are in ascending order.

For agiven transition matrix, P, wemay derive the implied distribution of expected lifetime welfare for the individuas who
livein the society whose mobility is governed by P. Consider asociety, assumed in equilibrium, consisting of identical individuals
who are born simultaneously and live exactly for t periods. The transition mechanismmay be either intra-generational or
intergenerational.

lifetime discounted utility of an individua beginninglifein income classi, given by theith element of the vector VP =u+r Pu+
r2P2u+666+r 'P'u, where0 £ r < 1 denotes the discount factor. This typical element is comparable withthe S; functions of
the previous section. VP will in generd depend on the vector u, on the transition matrix P, on the discount factor r , and on the
timeperiodt. Ast ® ¥ , VP =[I - r P]"tuwhich, for convenience, may be normalized as

VP =(@- n)I-rPtu=P(r)uy, #

say. The typical eement of P(r ),P;;(p) ,may beinterpreted as the average discounted “ lifetime” probability of movingfrom
theinitial statei to statej.

Dardanoni suggests that transition matrices be ranked accordingto rea-valued SWFs defined over the vector of lifetime
expected utilities VP. This is comparable with the “inequality reducing’ rankings of the previous section where Schur-concave
welfare functions correspond to inequality measures. Thereis more apriori structure imposed on the datahere by assuminga
Markov transition process.

Mobility can occur through generd growth in equilibrium income distributions. This is known as “ structural mobility”, or
the “ growth component”. But there is some intertemporal movement of individuals among the different socia classes, for agiven
equilibrium distribution of the number of individuals in each class; this latter effect is defined as “ exchange,” or “ pure” mobility.
Dardanoni (1993) isolates the pure mobility effect by assuming societies with identical steady -stateincome distributions. In
other words two societies have within each period an identical spot income distribution, but individuas may move between
income states differently under the two transition mechanisms. Notethat under the stated assumptions the distribution of
individuas in each state will be given by the equilibrium vector p, with the typical element p; indicating the proportion of people
inincome statei. This procedure is the dynamic counterpart to the usual static inequality analysis (e.g.,, Atkinson [1] and
Dasgupta, Sen, and Starrett [7]), where to isolatethe pure inequality effect on social welfare one considers societies with equal
mean incomes. Lorenz rankings would sufficein that situation.



Allowingfor different mean incomes requires consideration of growth. This would be similar to the analysis of inequality on
the basis of Generalized Lorenz (GL) curves, proposed by Shorrocks (1983), and second order stochastic dominance. This is the
extension considered by Formby, Smith, and Zheng (1995) in the context of mobility matrices.

Following Dardanoni (1993), take two regular transition matrices P and Q with equa steady -state income distribution vector
p' = p'P = p'Q. Heconsiders the class of symmetric and additively separable (i.e., linear) SWFs § ; p;V{ which adds up, for a
givenu and r , the expected lifetime utility of the individuals in the population. This is equivalent to the SWFs considered by
Atkinson(1970) and Kolm (1969) for the inequality ranking of income distributions. Notingthat p'P(r ) = p'Q(r ), we have

8 pVP =p'VP = p'P(r)u = p'u = p'Q(r)u = p'V° = § iV #

Therefore, given avector u and ar , any two transition matrices with equal steady -state income distributions will be
indifferent. This result is given by Atkinson (1983) and Kanbur and Stiglitz (1986) and indicates that we are not ranking mobility
as such, but the socid welfare implications of each maobility matrix. The symmetric additive social welfare functional implies that
movement between income states is irrelevant. What is important is the spot distribution at each period since additive separable
lifetime welfares remove any influence that exchange mobility may have on intertemporal social welfare. Thus additive SWFs take
inadequate account of fairness considerations. Under the stated assumptions, the equilibrium Lorenz curve of the distribution of
income will look identical each period under any transition matrix with equal steady-state distribution, so that any (additive or
otherwise) symmetric ex-post SWF defined on the vector of realized utilities will rank the matrices as indifferent. Yet, under
different transition matrices the composition of people in each income statewill be different in each time period. For example,
under the identity transition matrix each individua in the population remainsin the same income group as in the initial situation;
on the other hand, if transition is governed by amatrix in which each entry is equal to 1/n, each individual will have the same
probability of belongingto any of the nincome groupsregardless of theinitial state Therefore, though the equilibrium
ex-postLorenz curves associated with each of these matrices could look identical for each period, social welfare may well be
considered different if wetake account of severa periods in terms of the position of each individua in the past.

Clearly the natural labelling of welfare units in the context of mobility requires arelaxation of the “ symmetry” assumption,
such as (A3) above, which are replaced by additional assumptions on “ comparability”. These assumptions are discussed in, for
example, Sen (1971) and Atkinson and Bourguignon (1987). Here the natura “label” for each individual is his/her starting
position in the income ranking Thus one restricted SWF would be the weighted sum of the expected welfares of the individuals,
with greater weights to the individuals who start with a lower position in the society. That is, W(VP,1) = § , pil iV where

(1996b). Furthermore, this asymmetric treatment makes senseonly if it is a disadvantage to start at alower position. With no
restriction on the mobility matrices, this is not necessarily adisadvantage. There could be atransition matrix such that the lower
states are the preferred starting point in terms of lifetime expected utility. Therefore the additional assumption:

Assumption: Transition matrices are monotone.

A transition matrix is caled monotone if each row stochastically dominates the row above it; see Conlisk (1990). In an
intergenerational mobility context, a monotone mobility matrix implies that each child a timet is better off, in terms of stochastic
dominance, by havinga parent from statei + 1 than aparent from statei. In an intragenerational mobility context, a monotone
mobility matrix implies that an individual who & timetisin statei + 1 faces abetter lottery, in terms of stochastic dominance,
than an individual who isin statei. If welet ybea(n” 1) vector it may be shown that Py is nondecreasing for al nondecreasingy
if and only if P is monotone. Since P(r ) is monotone when P is monotone, the expected lifetime utility vector will be
nondecreasing. Estimated transition matrices are often either exactly monotone or within sampling errors from being monotone.

Consideringtwo extremecases, | ; = 1and|; = Ofordli > 1, whichis“Rawlsian”, and| ; = 1 for dl i, whichis the
symmetric case it is seen that there is aneed for exploring necessary and sufficient conditions on transition matrices for the
unanimous ranking of W(VF,1) = & , pil Vf for all non increasing positivel .

Theorem Let P and Q be two monotone regular transition matrices such that p' = p'P = p'Q, and for agivenr , the following
conditions are equivalent:
1i. WVPL 1) 3 WVe, 1),
Lii. T'P[(P(P) - QMIT £0,
Proof: See Dardanoni (1993, Th. 1).

T is the upper triangular summation matrix withitsinverse T-1, as the first “ differencing’ matrix. For instance, PT
transforms each row of P to the cumulative distribution function. P is ablock-diagonal matrix with the typical block beingthe p
vector.

This result is an extended horizon version of the first order stochastic dominance relations obtained by Atkinson (1983).



Further, if wedenoteby M (p) the set of regular monotone transition matrices, condition 1.ii induces (iff) apartial ordering*y, ,
that is reflexive, antisymmetric, and transitive.

If one further assumes monotonicity of the reversechain-i.e, a eachtimet anindividual in statei has faced a stochastically
dominant lottery than anindividual in statei-1, the above result would holdforall 0 £ r < 1.

An interesting result concerns the effect of transfers such as smoothing and “ simple switches” considered in an earlier
section. Dardanoni considers the following “ Dynamic Pigou-Dalton” (DPD) transfers: Given integers0 <1, j, s, k < n, with (i+Kk)
<n, and (j+s) <n, let us decreasethe probabilities of the event, “initia statei/lifetime statej”, and the event, “initia state
(i+k)/lifetime state (j+s)”, by aquantity O £ h £ 1. Simultaneously, increaseby the same h the probabilities of the events, “initial
classi/lifetime class (j+s)”, and the “initid class (i+k)/lifetime classj”, in such amanner as to not violatemonotonicity. This
transfer is mobility enhancing as it would leave the row and column sums unchanged and improve the lifetime status of a poorer
individual. Findly notingthat for amore mobile situation there will be smaller covariance between the initia and the lifetime
status, the following general result is established:

Theorem Let P and Q betwo transition matrices in M (p) and let r be given. Then the following conditions ar e equivalent:
) P(r) *um Qr);
(ii) the Lorenz curve of permanent income for P lies nowhere below that of Q" nondecreasing income vectors.
(iii) the covariance between initial status and lifetime status is greater under Q for any nondecreasing score (rank) vectors.
(iv) P(.) can be derived from Q(.) by afinitesequence of DPD exchanges.

Formby et a (1995) extend this result by relaxingthe assumption of identical steady states. They notethat T'PP(r )y is the
Generalized Lorenz vector of “ permanent incomes”, and show the following result:

Theorem Let P and Q be two monotone transition matrices with a given discount factor r . Then the following conditions are
equivalent:

Li. WVP, 1) 3 WV, 1);

Lii. TP[(P(p) - Q(PITE£0;

L.iii. The Generalized Lorenz curve of permanent income for P lies nowhere below that for Q for al nondecreasingincome
vectorsy ;

Liv. P(p) can be derived from Q(p) by afinite sequence of DPD exchanges and simple increments.

Proof: By notingthat the assumption of steady-stateincome distribution is not crucia in proving Dardanoni’ s results as
well as in Proposition 1 above, Formby et d (1995) prove the equivalence among conditions 1.i, 1.ii, and 1.iii. Also, 1.ivimplies
L.ii. The conversecan be similarly proved. Notethat each DPD or simpleincrement leaves al elements other than the (i, j) th of
T'P[(P(p) - Q(p)] T unchanged.

Formby et a (1995) demonstrateafurther result which can be useful in empirical testing based on the generalized
concentration curves:

Theorem Let P and Q be two monotone transition matrices. Then the following conditions ar e equivalent:

Li. P(p) Em Q(P) ;
Lii. T'PPy £ T'PQy for dl nondecreasingincome vectorsy, i.e., the “ snap-shot” generalized concentration curve for P lies

nowhere below that for Q for al nondecreasing income vectors, if the condition of the monotonicity of the reverseMarkov chain
is further assumed.

This result establishes that if the generalized concentration curve for P lies nowhere below that for Q, then the generalized
Lorenz curve of the “ lifetime” for P also lies above that for Q. If one adopts Dardanoni’ s assumption of identica steady states
(no growth mobility), the above result reduces to the ordinary concentration curve dominance which can be used as an intuitive
tool in ranking“ pure” mobility.

This result is empirically significant as it suggests the concentration curve as the dynamic counterpart of the standard
Lorenz curvein terms of socia welfare. If the generalized concentration curve of P dominates that of Q, the social welfare of
permanent incomeunder P will be no less than under Q for al Schur -concave symmetric SWFs.

Two main points emerge. Oneis that, both the inequality reducing and transition matrix measures are supported by the same
type of welfare functionsin terms of “ lifetime incomes”. Secondly, the empirical techniques for testing Lorenz ty pe dominance,
or stochastic dominance, are dl made available. For instance, Bishop, Chow and Formby (1994) show that matched pairs of
estimates of generalized Lorenz and concentration curve ordinates have ajoint normd distribution and this sampling property is
distribution-free. In generd they haveto be applied to the same statistics which are, however, defined over the types of aggregate
income functions proposed by Maasoumi and Zandvakili (1986, 1989, 1990). Further description of some statistical techniques
is given in the next section.

Some mobility indices

We closethis section with adefinition of some measures of immobility based on transition matrices. The first is attributed



to S Prais and is called the trace index:
Trace = [trace(P) - 1]/(n- 1) #

This index has been criticized for ignoring the off-diagond transition probabilities. It also violates transfer properties such as
A(12) above, for instance when DPD transfersincreaseany element aongthe diagona of P.

Determinant = |P|Y™D #

This is an index of immobility such as 1-Ry. Unfortunately, this index obtains its perfectly mobile limit whenever any two
rows or columns of P areidentical! It also violates the ranking condition of the above theorems.

Second Largest Eigenvalue modulus |l ,| #

This measure of immobility is in the unit interval (A(9)) and measures the speed of escapefrom the initid state see Thell
(1972). But it too is incoherent with the ranking conditions for DPD ty pe exchanges.

Bartholomew's = n-l T a apipili- il #
[

This immobility index measures the expected number of crossings between periods in the steady state. It satisfies the
normalization and the unit interval conditions. This measure is also coherent with DPD rankings.

The mean first passage time= p'M"p #

where MF is the mean first passage matrix. This index measures the expected number of periods before the “ first” individual
reaches the state of the second individual. This measure of immobility is not coherent with DPD rankings.

Aswe have seen, dl of the MSZ measures in the previous section, or indeed any reasonable measure correspondingto
Schur-concave SWFs, and based on “ permanent income” is coherent with DPD rankings and the results of the above theorems.
Shorrocks (1992) considered an interesting measure due to Hart (1976a). Let the Galtonian model of income evolution be written
in terms of the geometric mean incomes, m; at timet, as follows:

IN(Xr2/Me1) = beIn(xe/my) + & #

This mode can be used to analyze both income movements over time as well as the effect of mobility on the distribution of
income. b; measures the extent to which incomes regress toward the geometric mean. The caseof a* unit root” corresponds to
Gibrat’s law of proportional effect: changes in relative incomes are independent of current income. This simple model of mobility
may be extended by further modellingthe g in terms of individual specific characteristics and/or time varying effects. An example
is Lillard and Willis (1978) where panel dataare used. Of course using the techniques of limited dependent variable models,
transition probabilities can be similarly modelled in terms of individual specific and time varying components. A survey of
several applicationsis given in Creedy (1985). Alternative models of diffusion describing the evolution of income have been
proposed which deriveits steady statedistribution forms. An example is Sargan (1957). Interestingly, the focus seems to have
shifted to analyzing the properties of the equilibrium distribution and instantaneous inequality and poverty, rather than the
dynamic welfare implications of the evolution mechanism Mobility analysis is thus areturn to first principles.

Shorrocks defined the following function of Hart’s mobility index, see Hart (1976a, 1976b, 1981, 1983), which is derived
from the Galtonian model above:

H(X;,X) = 1 - cov(InXs,INX1) #
s(Inx)s(INXe1)

This is related to the simple correlation coefficient. In the Galtonian model, b; < 1 will reduce inequality while s(g) would
incresseit. Shorrocks (1992) shows that H(.) is consistent with A(2)-A(5), A(10)-A(12), and partially with A(7) and A(9). It
fails the universal domain, strong normalization, and strong perfect mobility properties. Also, it satisfies time symmetry but not
necessarily time replication invariance. It is coherent with DPD type rankings. As noted above, the MSZ indices are consistent
with amost al of (A1)-(A12) properties and thus are superior to H(.).

Recently, Chakravarty (1995) proposed the Kullback’s minimum discrimination statistic as a measure of mobility. This is
givenby:



1l

t
K=8 pliIn(-2L) #
i Pi

where p} stands for proportion of population a timet in statei.

This is anatural entropy measure of divergence between two distributions. Indeed it may be extended so that we may
measure the divergence between the distribution of the “ permanent income” and the distribution of income at any desired point.
Examples of the latter are, the “ short run” income distribution of MSZ indices, perfect mobility distribution, and complete
immobility distributions.

Thefirst property to noteabout K is that it is not ametric as it violates the triangularity rule. There are other entropy
measures that have similar properties and are “ metric”; See Maasoumi (1993). Chakravarty (1995) notes that K satisfies many of
the useful properties discussed in Shorrocks (1978a) and summarized above. But it fails to satisfy the “ monotonicity” property.
We notethat the ordering relation discussed by Dardanoni (1993) is coherent with perfect mobility, asis K, but does not imply
monotonicity.

Chakravarty (1995) points out that the well-known asymptotic ¢? distribution of 2K may be used to test some very
interesting hypotheses about mobility.

Shorrocks (1976) gives agood account of the properties of mobility indices based on transition matrices. Dardanoni’ s (1993)
account of the same also leaves one with the conclusion that at least some members of the MSZ family are“ided”.

Statistical inference

There have been severa significant advances in the development of statistical inference tools in the area of income inequality.
These are generaly applicable to inference on mobility indices and on ranking distributions.

For mobility indices such as the MSZ the connection is rather immediate Inequality indices are estimated by the Method of
Moments (M M) estimators since they are functions of population moments. Explicit formulae are derived for derivatives that are
required in the deltamethod which extends the well known theory of MM asymptotic distributions to that of inequality indices.
This is surveyed in Maasoumi (1996a) which contains an extensive citation to origind sources. The extension to mobility indices
requires thinkingin terms of “longrun” incomes and the inequality in their distributions. Trede (1995) gives the details for the
asymptotic distribution of some of the MSZ measures, such as those based on the Atkinson family and Theil’s inequality
indices, but where aggregateincome is the simple sum of incomes analyzed by Shorrocks (1978b). Extension to weighted sum
function is immediate but the statistical theory for the more complicated aggregatefunctions is devel oped in Maasoumi and
Trede (1997). Trede (1995) also gives the asymptotic distributions of the mobility indices that are based on transition matrices.
Some of these measures were discussed earlier. An application to German datais reported in Trede (1995) which analyzes
earnings mobility for different sexes. A program written in GAUSS code is made available by Trede.

But inference about indices derived in either of the two approaches described in this paper may be inconclusive, if not
bewildering, when Lorenz-ty pe curves cross. Thereforeit is desirable to test for rank relations of the type described above and in
Maasoumi (1996a, 1996b). This type of testing is now possible and is inspired by testing for inequality restrictionsin
econometrics and statistics. A brief account of some of the available techniques for stochastic dominance would be hel pful and
follows.

Tests for Stochatic Dominance

Stochastic Dominance(SD) relations and comparisons of distributions on the basis of their Lorenz and Generalized Lorenz
(GL) curves are intended to avoid the “ index choice” problem. As we have seen, the SWF rankings of mobility structures can
essentially follow the same path as that of static inequality analysis but in terms of lifetime incomes. In practice, however,
numerical SD rankings often encounter a predictable difficulty since many distributions and (Lorenz) curves cross, makingit
impossible to be decisive. But the redlization that al such comparisons are based on sample based estimates of distribution
functions (or curves) suggests that such comparisons should be conducted statistically and tested accordingly. The statistical
approach is both sound and able to deliver more clear-cut statistical decisions!

The basic characteristic of tests for rankings is that of ordered populations and inequality restrictions. Startingwith the work of
Lehmann (1959), and Bartholomew (1959), likelihood ratio and Wad-ty pe tests have been and are being devel oped for such
hypotheses. Thesetests supplement other well known procedures based on one-sided Wilcoxan rank, and the multivariate
versions of the Kolmogorov-Smirnov tests. See Maasoumi (1996a) for arecent selective survey.

In the area of income distributions and tax analysis, initial developments focused on tests for Lorenz curve comparisons as
in Beach and Davidson (1983), Bishop, Formby, and Thistle (1989), and Bishop et d (1991) . In practice, afinite number of
ordinates of the desired curves or functions are compared. These ordinates are typically represented by quantiles and/or
conditional interval means. Thus, the distribution theory of the proposed tests are typically derived from the existing asymptotic



theory for ordered statistics and quantiles. Recently Beach, Davidson, and Slotve (1995) have outlined the asymptotic
distribution theory for cumulative/conditional means and variances which are useful for statistically comparing Lorenz and GL
curves. This theory is particularly useful for third order stochastic dominance (TSD) ranking of crossing GL curves when a
“transfer sensitivity” condition is assumed; see the definition of TSD below. To control for the size of a sequence of tests at
severa points the Union Intersection (Ul) test and Studentized Maximum M odul us technique for multiple comparisons is
generaly favored in this area.

Some dternatives to these multiple comparison techniques have been suggested which are typically based on Wad type
joint tests of equality of the same ordinates, see Bishop et d (1994) and Anderson (1994). These dlternatives are sometimes
problematic when their implicit null and alternative hypotheses are not a satisfactory representation of the inequality (order)
relationsthat need to be tested. Xu et d (1995), and Xu (1995) take proper account of the inequality nature of such hypotheses
and adapt econometric tests for inequality restrictionsto testing for FSD and SSD, and to GL dominance, respectively. Their
tests follow the work in econometrics of Gourieroux et a (1982) Kodde and Palm (1986), and Wolak (1988, 1989), which
complements the work in statistics exemplified by Kudd (1963), Perlman (1969), Robertson and Wright (1981), and Shapiro
(1985). The asymptotic distributions of thesec - bar squared tests are mixtures of chi-squared variates with probability weights
which are generdly difficult to compute This leads to bounds tests involving inconclusive regions and conservative inferences. In
addition, the computation of the ¢ bar squared statistic requires M onte Carlo or Bootstrap estimates of covariance matrices, as
well as inequality restricted estimation which requires optimization with quadratic linear programming.

In contrast, Maasoumi et a (1996) propose adirect bootstrap approach that bypasses many of these complexities while
making less restrictive assumptions about the underlying processes. They offer an empirica application for ranking USincome
distributions from the CPSand the PSID data Their chosen statistic is the Kolmogorov-Smirnov (KS) as characterized by
McFadden (1989), Klecan et a (1991), and Kaur et a (1994).

M cFadden (1989) and Klecan, M cFadden, and M cFadden (1991) have proposed tests of first and second order “ maximality” for
stochastic dominance which are extensions of the Kolmogorov-Smirnov statistic. McFadden (1989) assumes i.i.d. observations
and independent variates, allowing him to derive the asymptotic distribution of his test, in generd, and its exact distribution in
some cases (see Durbin (1973, 1985). Klecan et d generalizethis earlier test by allowingfor weak dependence in the processes
both across varigbles and observations. They demonstratewith an application for ranking investment portfolios. The asymptotic
distribution of thesetests cannot be fully characterized, however, prompting M onte Carlo and bootstrap methods for evaluating
critical leves. In the following section some definitions and results are summarized which help to describe thesetests.

Definitions and Tests

Let X and Y betwo income variables at either two different pointsin time, or two lifetime income vectors. Let
X1,X2, ..oy X be the not necessarily i.i.d observationson X, and Y1, Y, ......, Yy, be similar observationson VY. Let U, denotethe
classof dl utility functions u such that u' 3 0, (increasing). Also, let U, denotethe class of dl utility functionsin U, for which
u" £ 0 (strict concavity).Let X i, andY ., denotethei-th order statistics, and assume F(x) and G(X) are continuous and
monotonic cumulative distribution functions (cdf,s) of X and Y, respectively.

Quantiles gy (p)and gy (p) areimplicitly defined by, for example, F[X £ g,(p)] = p.

Definition (FSD): X First Order Stochastic Dominates Y, denoted X FSD Y, if and only if any one of the following
equivaent conditions holds:

(D) E u(X)] ® Eu(Y)] fordlul U, withstrict inequality for some u.

(2) F(¥) £ G(¥) for al xin the support of X, with strict inequality for some x.

) ax(P ® ay(p) fordl0OEp£ 1

Definition (SSD): X Second Order Stochastic Dominates Y, denoted X SSD Y, if and only if any of the following
equivaent conditions holds:

(1) Elu(X)] ® E[u(Y)] fordlul U,, withstrict inequality for some u.

(2 &, F(Hdt £ &, G(Hat for &l xin the support of X and Y, with strict inequality for some x.

(3 gax(®dt® Gay®dt,fordl O£ p £ 1, withstrict inequality for some value(s) p.

The tests of FSD and SSD are based on empirical evaluations of conditions (2) or (3) in the above definitions. Mounting
tests on conditions (3) typically rdies on the fact that quantiles are consistently estimated by the corresponding order statistics
a afinitenumber of sample points. Mounting tests on conditions (2) requires empirical cdfs and comparisons & afinite number
of observed ordinates. Also, from Shorrocks (1983) or Xu (1995) it is clear that condition (3) of SSD is equivaent to the
requirement of Generalized Lorenz (GL) dominance. FSD implies SSD.

Noting the usual definition of the Lorenz curve of, for instance, X as Ly(X) = -n% 5‘¥ X" dF(t), and its GL (x) = mLy (X) ,
some authors have developed tests for Lorenz and GL dominance on the basis of the sample estimates of conditional interval
means and cumulative moments of income distributions; e.g. see Bishop et a (1989), Bishop et d (1991), Beach et d (1995), and
Maasoumi (1996a) for agenerd survey of the same. The asymptotic distributions given by Beach et a (1995) are particularly
relevant for testing for Third Order Stochastic Dominance (TSD). The latter is auseful criterion when Lorenz or GL curves cross



a severa points and the investigator is willingto adopt “ transfer sensitivity” of Shorrocks and Foster (1987), that is arelative
preference for progressive transfers to poorer individuals. When either Lorenz or Generalized Lorenz Curves of two distributions
cross unambiguous ranking by FSD and SSD is not possible. Whitmore (1970) introduced the concept of third order stochastic
dominance (TSD) in finance. Shorrocks and Foster (1987) showed that the addition of the “ transfer sensitivity” requirement leads
to TSD ranking of income distributions. This requirement is stronger than the Pigou-Dalton principle of transfers and is based on
the class of welfare functions U ; which is asubset of U, withu™ 3 0. TSD is defined as follows:

Definition (T SD): X Third Order Stochatic Dominates Y, denoted X TSD Y, if and only if any of the following equivalent
conditions holds:

(1) E[u(X)] ® Eu(Y)] fordlul Ug, withstrict inequality for someu.

(2 &, a,[F® - G()ldtav £ 0, for dl xin the support, with strict inequality for somex,

with the end-point condition:

Oy [F(t) - G(]dt £ 0.

(3) When E[X] = E[Y], X TSD Y iff | 2(q;) £ | 3(q;) , for dl Lorenz curve crossingpointsi = 1,2,......., (n+ 1); where
| 2(qg;) denotes the “ cumulative variance” for incomes upto the ith crossing point. See Davies and Hoy (1995).

When n = 1, Shorrocks and Foster (1987) showed that X TSD Y if () the Lorenz curve of X cutsthat of Y from above, and
(b) Var(X) £ Var(Y). This situation revives the coefficient of variation as auseful statistical index for ranking distributions.

Kaur et d (1994) assume i.i.d observations for independent prospects X and Y. Their null hypothesis is condition (2) of
SSD for each x against the alternative of strict violation of the same condition for all x. The test of SSD then requires an appeal to
union intersection technique which results in atest procedure with maximum asymptotic sizeof a if the test statistic at each x is
compared with the critical value Z , of the standard Normal distribution.

McFadden offers adefinition of “maxima” sets, as follows:

Definition (Maximality): Let /£ ={Xy,Xz,....,Xk} denoteaset of K distinct random variables. Let F, denotethe cdf of
the k-th variable. The set A is first (second) order maximal if no variablein A is first (second) order weakly dominated by
another.

Let X = (Xtn,Xans e Xkn) » N =1, 2,....,N , be the observed data Assume X | is strictly stationary and a - mixing, and

assume F;(X;), i = 1,2,...,K, are exchangeable random variables, so that resampling estimates of the test statistics converge
appropriately. This is less demanding than the assumption of independence which is not redistic in many applications (asin
mobility analysis, and before and after tax scenarios). In generd F is unknown and estimated by the empirical distribution
function F\(Xy). Finaly, if weadopt Klecan et d’s mathematical regularity conditions pertaining to von Neumann-Morgenstern
(VNM) utility functions that generally underlie the expected utility maximization paradigm, the following theorem defines the
tests and the hypotheses being tested:

Theorem Given the mathematical regularity conditions;

(a) The variables in A arefirst-order stochastically maximal; i.e.,
(1) d=minmax [F;(X) - F;(x)] >0,
itjoox

if and only if for each i and j, thereexists a continuous increasing function u such that E u(X;) >E u(X;).

(b) The variables in A are second order stochastically maximal; i.e.,

(2) S=min;; maxy &, [Fi(m - F;(m]dm>0,

if and only if for eachi and j, thereexists a continuous increasing and strictly concave function u such that Eu(X;) >Eu(X;).

(©) Assuming the stochastic process X |, n=1, 2.,...., to be drictly stationaryand a - mixing with a(j) = O(j"9), for somed>1,
we have

doy ® d,and Sy ® S wheredsy and S,y arethe empirical test statistics defined as :



(3) day = min max [Fin(x) - Fin(x)]
it X

and,

(4) Sen = min max ¢ [Fin(m - Fin(m]dm
itj X

[Proof] See Theorems 1 and 5 of Klecan et al (1991).

The null hypotheses tested by thesetwo statistics is that, respectively, Z is not first (second) order maximad— i.e., X;
FSD(SSD) X;, for somei and j. We rgiect the null when the statistics are positive and large. Since the null hypothesis in each case
is composite, power is conventionally determined in the least favorable caseof identical marginds F; = F;. Thus, as is shownin
Kaur et d (1994) and Klecan et a (1991), tests based on dxy and S,y are consistent. Furthermore, the asymptotic distribution of
these statistics are non-degeneratein the least favorable case being Gaussian (see Klecan et d (1991), Theorems 6-7).

The statistic S,,, has, in genera, neither atractable distribution, nor an asymptotic distribution for which there are

convenient computational approximations. The situation for d,y is Similar except for some special cases—-see Durbin (1973,
1985), and McFadden (1989) who assumei.i.d. observations (not crucial), and independent variables in A (consequential).
Unequal sample sizes may be handled asin Kaur et d.

Klecan et d (1991) suggest M onte Carlo procedures for computing the significance levels of thesetests. This forces a
dependence on an assumed parametric distribution for generating M C iterations, but is otherwise quite appealing for very large
iterations. Maasoumi et a (1996) employ bootstrap methods to obtain the empirical distributions of the test statistics and
confidence intervals. They report an empirica examination of the USincome distribution based on the CPSand PSID data Their
methods are directly applicable to ranking of mobility structures described previously.

Some empirical examples

Creedy (1985) contains detailed descriptions of empirical studies which implement the transition matrix and other
model-based techniques. Shorrocks (1976, 1978a) and Lillard and Willis (1978) also implement the transition matrix method using
some of the same US panel datawhich | will describe below.

The MSZ index method has been implemented by Shorrocks, Maasoumi, Zandvakili, Trede and others. Trede' s work is
based on German panel dataand, as mentioned earlier, reports statistical tests of significant change in mobility. The first three
authors use the Michigan Panel data We now exemplify some of theselatter studies:

Mobility and gender

The MSZ family of mobility measures was investigated by Maasoumi and Zandvakili (1990) using the Michigan Panel
Study of Income Dynamics (PSID). These measures are decomposed in order to learn about components that are dueto
differences in gender and incomegroups on the one hand, and within group components which are free of such group
characteristics. Several aggregator functions were used to computethe “ Permanent income* variable. Their justification and role in
robustifying inferences was investigated.

“Household” income datafor the period 1969-81 were taken from the PSID. Household' s income (head and spouse, if any)
consists of the following : income from wages, salaries, rents, dividends, interest, business, bonuses, commissions, professional
practice, aid to dependent children, social security, retirement pay, pension or annuities, unemployment compensation, child
support, and other transfer payments. Real total incomeis obtained using the current consumer price index. Income is adjusted
for family size (in 1975) to provide abetter measure of family income since family members effectively pool their incomes; see
Kakwani (1984) and Rosen (1984). Werefer to this adjusted income as the “ Per CapitaFamily Income* (PCFI).

In computing the permanent incomes three different schemes were used in order to weight income a different times. These
a; weights are, (i) equal weightsfor al years, (ii) the ratio of mean income at time t to the mean income over the entire T periods
(MIW intables), and (i) the normalized elements of the eigen vector correspondingto the first principal component of the X'X
matrix. We did not find any qualitative differences in our results between thesethree cases, and thus report only the
computations based on ratio-of-means weights. The other two cases are reported in Zandvakili (1987).

In our computations the substitution parameter b is restricted by therelations- g = 1 + b. We computed four different
aggregator functions corresponding to four inequality measures with-g=v = (2, 1, .5, .0). v = 0.0 and 1.0 correspond to Theil's
first and second inequality measures, respectively combined with the linear and the Cobb-Douglas forms of the aggregator
function. Tables 1-3 are from Maasoumi and Zandvakili (1990) which provide, respectively, the annual short-run inequalities, the
inequalities in the aggregated (long-run) incomes, and the income stability measure R,;. Decomposition of each based on gender is
aso given. Notethat as one moves toward 1981 the number of periods over which S;, I 4(S) and R, are calculated is increasing
from oneto 13. Theresults for every other year are reported to save space.



[Tables 1-3 go about here]

Short-run inequality in Table 1 has generdly increased. As expected, inequality is greater with larger degrees of relative
inequality aversion (v). There are 1776 mae and 529 fema e headed households in the sample. The “within-group” component of
short-run inequalities is dominant. The column heading “ within” refers to weighted average of within group inequalities as in the
formulae previously discussed in this paper. The absolutevalue of the “ between-group” component, however, has increased over
the 13 years. For both sexes annual inequalities have arisingtrend (less uniformly so for v = 2). But short-run inequality
amongst female headed households is always greater than amongst men. Theseannual vaues, however, contain many transitory
components which are partially removed from the aggregated values in Table 2.

Table 2 vaues exhibit much less volatility. After adeclinein the initial years, | 4(S) has increased back to about its original
value. Also, long-run inequality is alwayssmaller than the corresponding short-run inequality. Once again, inequality among
women is greater than among men, and within group inequality is severa times the between group component. Theserelative
values are somewhat sensitive to the family size adjustment of incomes. For instance, the between group component increases to
15-25% of overal inequality for unadjusted incomes; see Zandvakili (1987). This is partly dueto alarger proportion of two
income earners being among the male headed families.

The corresponding stability measures are presented in Table 3. Again, seven of the 13 possible values are reported without
any qualitativeloss. 0 < Ry < 1indl cases. The following may be concluded from Table 3 :

(i) Thereis atendency for the profiles to fal and then level off as the number of aggregated years increases from oneto 13.

(i) The profiles for households headed by men fall faster and further than those of women headed households.

(iii) These patterns are robust with respect to the choice of aggregation function, family size adjustment, and inequality
measure.

The fact that the profiles are becomingflatter is an indication that, athough there have been some transitory movementsin
the sizedistribution of income, there is alack of any permanent equalization. Further, while some equalization has taken place
within each group of households, inequality between men and women headed households has increased in absolute vaue.

Mobility and Income Level.

Maasoumi and Zandvakili (1989) give inequality and mobility decompositions by age, education, and race. Similar
decompositions by income level can revea the aggregateimpact of al such non-income characteristics (including gender). It is
anticipated that if the major causes of variation in incomes are transitory in nature, the length of time spent in any income class
will be short. “ Permanent” income inequality changes will be very revealingin this context.

The total sampleis divided into seven income groups (G1-G7). The assgnment to groupsis on aonetime basis and
accordingto the simple arithmetic mean income of the individua household over the thirteen year period. Thesereal income levels
begin with mean incomes of less than $4,999, and increasingin increments of $5,000. The last group contains mean incomes of
$35,000 or more.

Short-run inequalities and their decompositions based on income level are givenin Table 4. All the tables and figures in this
section are taken from Maasoumi and Zandvakili (1990). There are several recognizable patterns. The “ between group” inequality
has increased steadily over this period. The “within group” component of inequality fluctuates around arelatively constant mean
vaue. The observed patterns suggest that the non-income differences do contributeto the increasein between group inequality.
Over 70% of women headed households earn less than $15,000. Of course, this is confounded by the differential impact of
inflation on different income groups (we usereal incomes).

[Tables 4-6 go about here]

In Table 5 long run inequality levels have risen after an initial decline. Decomposition by income level shows that the
between group component of 1 4(S) has increased uniformly. At the same time the within group inequality has decreased steadily.
This change has been dramatic so that in the later years the between group component is larger than the within component. These
changes include the well known life cycle and human capital effects, and are not inconsistent with the cumulative effects
predicted by discrimination theories.

The long run within group inequalities revea afdlingtrend for each of the seven income groups This is anticipated since
transitory components are smoothed out and individual incomes have approached group mean incomes in the long run. These
long run grouping observations are somewhat sensitive to the family size Within group aggregateincome inequalities are
noticeably smaller when income is not adjusted for family size, and there is generdly less inequality within the higher income
groups

Table 6 reports the stability profiles which reveal much higher degrees of permanent equalization within income groupsthan
was observed for the gender groupsof the last section. Notethat as the stability profiles of the whole sample flatten, the
correspondingwithin group profiles continue to fal. In our view some equalization has occurred, but this is mostly confined to
within income groups

On the basis of the approximately 2300 households which remained in the Michigan panel over the period 1969-81,
Maasoumi and Zandvakili (1990) conclude that: (i) there is not agrest deal of inequality between the men and women-headed
households; (ii) the dominant within group component of inequality is either increasing over this period or, when incomes are



smoothed by time aggregation, relatively stable. (iii) This larger within group component of inequality is due to high levels of
inequality within lower income groups (such as women headed households). (iv) Grouping by rea income brackets leads
predictably to very large between group inequality values. (v) Some equalization of red incomes has occurred over timewithin
most incomegroups but this is very hard to judge by acomparison of annual inequality measures and most clearly revealed by
using our “ permanent income” distributions. (vi) Modest levels of mobility are recorded as the aggregation interval is expanded,
but the corresponding profiles flatten-out after about eight or nine years.

We closethis subsection with Figure 1 which summarizethe evolution of the income distribution for this sample with the
graph of the stability profile P;.

[Figure 1 goes here]

Mobility by education, age, and race

Maasoumi and Zandvakili (1989) is based on the same dataas the previous section, but the role of years of schooling of the
head of household, his/her age, and race were examined through decomposition of the inequality/mobility measures. Tables 7-15
arefrom that source.

Table 7 isasummary of short run, long run, and the stability values for dl the thirteen years. Tables 8-10 provide
decompositions by educational attainment which was indicated by the years of completed schooling by the head. The increasein
overall short-runinequality is primarily dueto increases in within group inequalities. Longrun inequality is quitestable. the R
measure declines over longer periods. This indicates that while there is much short run mobility (change), this does not change
permanent incomeinequality. Notethat this phenomenon may be partly due to the anonymity of our measures which are
invariant to short run switching of positions by individuals.

It should be noted that education is both acapital good and a provider of astream of consumption. It has different vaues for
different individuals. This heterogeneity effect is here controlled for leadingto conditional inferences. For adiscussion of these
issues and amultidimensional treatment in which education is regarded as adistinct attribute (with income and wealth) see
Maasoumi and Nickelsburg (1988).

[Tables 7-10 go about here]

Tables 8-10 indicatethat the greatest inequality is within the group with fewest schooling years. Indeed, within group
inequality declines steadily with educational attainment: education is an equalizer (some might argueit is arestraint over unusual
earnings!). Between group inequality is rising somewhat over theseyears but is about one quarter of total inequality, and
declining proportionately .

Longrun inequality is much more stable over time and is smaller than short run inequdlities. Looking a thesefigures apolicy
maker is less likely drawn to quick reactionsto transitory phenomenon, and more likely to focus on stable features, for instance,
the fact that some mobility is experienced in the early part of this period, but has ceased in the latter part of the sample.
Similarly, we notethat between group long run inequality has risen consistently, suggestingthat the expected returnsto
schooling has materialized. In fact the inequality gap between the educational groups here has widened by 50% over time; see
John et d (1993).

[Tables 11-13 go here]

Tables 11-13 have the same structure as before but focus on the impact of age. Thesetables suggest that between group
inequality, both short and long run, has increased dramatically over time. Seniorage matters! Within group inequality is larger the
older the group. This is aso due to accumulation of returnsto different investments, opportunities, and attainments. Short run
inequalities increasewithin groups while long run inequalities are stable with amoderateincreasetoward the end of this period.
Maasoumi et d (1996) find thesetrends have continued. Finally we notethat thesefigures are based on per capitaincomes. Since
family size and composition changes over time thesefigures show greater volatility than the authors found with total family
incomes unadjusted for family size see Maasoumi and Zandvakili (1989, Appendix).

[tables 14-15 go here]

Tables 14-15 provide decompositions by race, noting that the “ non-white’ group includes all heads not classified as
“whité’. This explains the large within group inequality. The number of householdsin each group is given in the last column.
Inequality amongst non-whites has increased faster than amongst whites. Short run inequality has increased within both groups
and somewhat increased in the aggregated incomes. Between group inequality in the short run distributions declined somewhat in
the first half of the period and increased again in the last 4-5 years of the sample. For the long run incomes, between group
inequalities are rather stable with adight decline over time. It would appear that within group characteristics are controlling of the
degree of inequality in this sample and for this decomposition. Other grouping criteriathat are more race specific than
“non-white’ are known to indicategreater between group inequality. See John et a (1991).

Experimentation over the members of the GE family, as well as with different sets of weights given to incomes at different
points in time, represent an attempt to robustify summary findings. This is an important element of empirical work in this area
since unanimity with respect to weights and degree of aversion to inequality is not likely. Of course an interpretation of this
“robustification” techniqueis that it is an empirical substitutefor unanimous ranking by Lorenz-type comparisons over plausible
ranges of parameter vaues. This is useful when such curves cannot be statistically ordered when they crossonly a extreme



parametric values.

Severd other applicationsto USand UK dataare reported in Shorrocks (1978b, 1981). A good deal more is now possible
given the dominance testing techniques of section 4, and the asymptotic distribution theory summarized in Maasoumi (19964).
The bootstrap alternative appears very promising, as demonstrated by Mills and Zandvakili (1996).
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